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Abstract. A major proof complexity problem is to prove a superpolynomial lower

bound on the length of Frege proofs of arbitrary depth. A more difficult question

is to prove an Extended Frege lower bound. Surprisingly, proving such bounds

turns out to be much easier in the algebraic setting. In this paper, we study a proof

system that can efficiently simulate Extended Frege: an extension of the Polynomial

Calculus proof system where we can take a square root and introduce new variables

that are equivalent to algebraic circuits of arbitrary depth. We prove that an instance

of the subset-sum principle, the binary value principle 1+ G1 + 2G2 + . . .+ 2
=−1G= = 0

(BVP=), requires refutations of exponential bit size over ℚ in this system.

Part and Tzameret (ITCS’20) proved an exponential lower bound on the size of

Res-Lin (Resolution over linear equations) refutations of BVP= .We show that our

system p-simulates Res-Lin and thus we get an alternative exponential lower bound

for the size of Res-Lin refutations of BVP= .
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1 Introduction

In essence, the study of propositional proof complexity started with the work of Cook and

Reckhow [10], which states that if there is a propositional proof system inwhich any unsatisfiable

formula � has a short proof of unsatisfiability, then NP = coNP . In the same work Cook and

Rechow introduced a notion of p-simulation: a proof system � p-simulates a proof system � if

every tautology has a proof in � of size at most polynomially larger than in its shortest proof in

� . The first superpolynomial bound on the proof size was proved in pioneering work by Tseitin

[34] for regular Resolution. Since then, many proof systems have been studied, some of them

are logic-style (working with disjunctions, conjunctions, and other Boolean operations) and

some of them are algebraic (working with arbitrary polynomials).

In this article we consider extensions of two systems, an algebraic one and a logic-style one.

1.1 Logic-style systems

As mentioned before, the first superpolynomial lower bound on the proof size was proved in

a paper by Tseitin for regular Resolution, which is a popular logic proof system. This proof

system operates with the disjunctions of variables and their negations and utilizes the following

inference rule:

� ∨ G � ∨ G
� ∨ � .

Later, Haken [15] proved an exponential lower bound on the size of (unrestricted) Resolution

refutation of the pigeonhole principle (PHP), expressing that there is no (total) injective map

from a set with cardinality < to a set with cardinality = if < > = .

Since then, stronger logical proof systems such as Frege systems

have been considered. Unlike the Resolution proof system, a Frege proof system operates

with formulas over Boolean variables and uses some sound and implicationally complete set of

inference rules. Exponential lower bounds for low-depth Frege proof systems have been known

for decades [1, 5, 17]. However, the situation with the proof systems of greater depth is much

worse.

1.2 Resolution with counting

Another approach to strengthening Resolution is to use weak extensions in order to do some sort

of counting. Res-Lin (defined in [29]) is a system working with disjunctions of linear equations

over a fixed field 1 and can be viewed as a generalization of Resolution. In the present paper we

consider the Res-Lin system over ℚ .

This system utilizes the following inference rule:

� ∨ (!1 = 0) � ∨ (!′
1
= 0)

� ∨ � ∨ (
!1 + �!′
1
= 0) ,

1Usually Res-Lin is defined over ℚ , but arbitrary finite fields have also been considered.
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where � = (!2 = 0) ∨ (!3 = 0) ∨ · · · ∨ (!< = 0) , � = (!′
2
= 0) ∨ (!′

3
= 0) ∨ · · · ∨ (!′

:
= 0) , 
 and �

are any constants and each !8 and !
′
8
is an affine form over the initial Boolean variables.

No superpolynomial lower bounds are known for the size of refutations of CNF formulas in

(DAG-like) systems that work over disjunctions of equations or disjunctions of inequalities (see

[21] as the first paper defining these systems and containing partial results). Part and Tzameret

[24] proved an exponential lower bound for (DAG-like) Res-Lin refutations overℚ for the binary

value principle BVP= . Although this is the first exponential lower bound for this system, the

instance does not correspond to a translation of any CNF formula.

Itsykson and Sokolov [20] considered another extension of the Resolution proof system,

named Res(⊕) , that operates with disjunctions of linear equalities over F2 , and proved an

exponential lower bound on the size of tree-like Res(⊕)-proofs.

1.3 Algebraic proof systems

Algebraic proof systems such as Nullstellensatz have been developed to use algebraic techniques

of Razborov and Smolensky [30, 32] in proof complexity. Lower bounds for algebraic systems

started with an exponential lower bound for the Nullstellensatz [4] system. The main system

considered in this paper is based on the Polynomial Calculus system [9], which is a dynamic

version of Nullstellensatz. Many exponential lower bounds are known for the size of Polynomial

Calculus proofs for tautologies like the Pigeonhole Principle [31, 19] and Tseitin tautologies

[6]. While most results concern the representation of Boolean values by 0 and 1, there are also

exponential lower bounds over the {−1,+1} basis [33].
However, simple algebraic proof systems such as Nullstellensatz and Polynomial Calculus

cannot efficiently simulate strong logic systems like Frege systems (since there is a polynomial-

size Frege refutation of the Pigeonhole Principle, see [10] for example) and thus cannot provide

lower bounds for these systems. In order to fix this issue, strong extensions have been considered:

Grigoriev and Hirsch [13] considered algebraic systems over formulas. Following Pitassi’s ideas

[25, 26], Grochow and Pitassi [14] formally defined the Ideal Proof System, IPS , which can

be considered as the version of Nullstellensatz where all polynomials are written as algebraic

circuits.

Many other extensions of Polynomial Calculus andNullstellensatz have also been considered.

Buss, Impagliazzo, Krajíček, Pudlák, Razborov and Sgall [7] showed that there is a tight

connection between the lengths of constant-depth Frege proofs with"$�? gates and the length

of Nullstellensatz refutations using extension axioms. Impagliazzo, Mouli and Pitassi [18]

showed that a depth-3 extension of Polynomial Calculus called ΣΠΣ-PC p-simulates semantic

CP∗ (an inequalities-based system, Cutting Planes [11, 8] with coefficients written in unary) over

ℚ . Also, they showed that a stronger extension of Polynomial Calculus, called Depth-:-PC ,
effectively2 p-simulates Cutting Planes and another inequalities-based system, Sum-of-Squares

(for a survey about this proof system see [12]); the simulations can be conducted over F?< for

an arbitrary prime number ? if < is sufficiently large. However, the question about proving a

2Effective p-simulation was introduced by Pitassi and Santhanam [27] and can be viewed as a weaker version of a

usual p-simulation.

THEORY OF COMPUTING, Volume 22 (4), 2026, pp. 1–29 3

http://dx.doi.org/10.4086/toc


YAROSLAV ALEKSEEV

superpolynomial lower bound even on the size of ΣΠΣ-PC refutations over any field remains

open since it is not clear how to extend lower-bound techniques such as size–degree tradeoff to

this system.

1.4 Our results

We extend Polynomial Calculus with two additional rules. One rule allows us to take a square

root (this was introduced by Grigoriev and Hirsch [13] in the context of transforming refutation

proofs of non-Boolean formulas into derivation proofs; our motivation to take square roots is to

consider an algebraic system that is at least as strong as Res-Lin even for non-Boolean formulas,

see below). Note that while fields such as the rational numbers are not closed under square

roots, we define the square root derivation rule such that it applies only to polynomials that are

the square of another polynomial.

Another rule is an algebraic version of Tseitin’s extension rule, which allows us to introduce

new variables that are equivalent to arbitrary depth algebraic circuits. We will denote our

generalization of PolynomialCalculus asExt-PC
√
.Note thatExt-PC

√
p-simulates ExtendedFrege

system (since Ext-PC
√
p-simulates Extended Resolution and Extended Resolution p-simulates

Extended Frege [22]), but it is not obvious how to p-simulate IPS refutations in Ext-PC
√
(since

IPS refutation polynomials are written as algebraic circuits and Ext-PC
√
refutations are written

explicitly as a sum of monomials).

In this article we give a partial positive answer to the question raised in [18] asking for a

technique for proving size lower bounds on Polynomial Calculus without proving any degree

lower bounds. However, since our lower bound heavily utilizes the divisibility of integers, it

works only over ℚ (by reduction to ℤ) and the question about proving lower bounds over finite

fields remains open. Also, we give a partial answer to another question raised in [18] by proving

an exponential lower bound for the system with an extension rule even stronger than that in

ΣΠΣ-PC , which is another extension of Polynomial Calculus presented in [18].

Finally, most lower bounds for algebraic and semialgebraic proof systems (see [31, 19], for

example) measure the size of the polynomial as the number of monomials in it. In this article

the size measure of the refutation is different and possibly weaker, but more natural in terms of

Cook and Reckhow proofs. We prove an exponential lower bound on the number of bits we need

to encode an Ext-PC
√
-refutation. Obviously, an exponential lower bound on the number of

monomials in a refutation implies an exponential lower bound on the bit-size of the refutation.

However, it is not known, whether the opposite direction is true (for example, for some of the

weaker systems such as Sum of Squares, the opposite direction is not true [23, 28, 16]).

We consider the following subset-sum instance, called Binary Value Principle (BVP=) [3, 24]:

1 + G1 + 2G2 + . . . + 2
=−1G= = 0,

G2

1
− G1 = 0, G2

2
− G2 = 0, . . . , G2

= − G= = 0.

and prove an exponential lower bound for the size of Ext-PC
√

ℚ
refutations of BVP= .Note that the

Binary Value Principle does not correspond to the translation of any polynomial-size CNF formula

THEORY OF COMPUTING, Volume 22 (4), 2026, pp. 1–29 4

http://dx.doi.org/10.4086/toc


A LOWER BOUND FOR POLYNOMIAL CALCULUS WITH EXTENSION RULE

and thus the question about proving size lower bounds on the refutation of CNF formulas

without proving degree lower bounds remains open. This also means that an exponential lower

bound for Ext-PC
√

ℚ
refutations of BVP= does not imply superpolynomial lower bounds for any

logical proof system, such as Frege or Extended Frege.

Also note that, despite that Impagliazzo, Mouli and Pitassi [18] showed that Depth-:-PC
effectively p-simulates Sum-of-Squares, it also does not give an alternative lower bound for

Sum-of-Squares since the effective p-simulation can lead to an exponential blow-up for formulas

such as BVP= .Moreover, it is easy to see that there is a polynomial-size refutation of BVP= in
the Sum-of-Squares proof system.

Theorem 1.1. Any Ext-PC
√

ℚ
refutation of BVP= requires size 2

Ω(=) .

The technique we use for proving this lower bound is similar to the technique for proving

the conditional IPS lower bound in [3]. However, since the Ext-PC proof system is possibly

weaker than the Ideal Proof System , we get an unconditional lower bound. The main idea of

the conditional lower bound in [3] is to prove the complexity lower bound on the free term at

the end of the IPS-refutation of BVP= over ℤ and then show that IPSℤ simulates IPSℚ . One

difference is that instead of concentrating on the complexity of computing the free term of the

proof, we concentrate on the prime numbers mentioned in the proof (and thus appearing as

factors of the free term).

In the last part of our paper we consider Res-Lin and show that Ext-PC
√

ℚ
simulates Res-Lin

and thus get an alternative lower bound for Res-Lin .

Corollary 1.2. Any Res-Linℚ refutation of BVP= requires size 2
Ω(=) .

Note that while Part and Tzameret [24] prove an exponential lower bound on the number of

lines in the proof, we only prove a lower bound on the proof size (essentially, on the bit size of

scalars appearing in the proof). So our result is not comparable to Part and Tzameret’s.

1.5 Organization of the paper

In Section 2 we recall the definition of Polynomial Calculus (PC) and give the definitions of

Polynomial Calculus with square root (PC
√
) and Extended Polynomial Calculus with square

root (Ext-PC
√
).

In Section 3 we prove an exponential lower bound on the size of Ext-PC
√

ℚ
refutations of

BVP= .We start with considering derivations with integer coefficients (Ext-PC
√

ℤ
) and show that

the free term at the end of such refutation of BVP= is not just large but also is divisible by all

primes less than 2
=
(see Theorem 3.2). Then, in Theorem 3.5, we convert proofs over ℚ into

proofs over ℤ without changing the set of primes mentioned in the proof and thus get an

Ext-PC
√

ℚ
lower bound.

In Section 4 we show that Ext-PC
√

ℚ
simulates Res-Lin and thus we get an alternative lower

bound for the size of Res-Lin refutations of BVP= .
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1.6 Differences from the conference version

The main difference of this version from the conference version ([2]) is that Section 3 is rewritten

to make it easier to understand. Also, some explanations have been added in various sections.

2 Preliminaries

In this paper we are going to work with polynomials over the integers or the rationals. We define

the size of a polynomial roughly as the total length of the bit representation of its coefficients

(including the sign bit).

Definition 2.1 (Size of an integer and a rational number).

• (Integers) If I ∈ ℤ is written in binary then Size(I) = 1 + dlog(|I | + 1)e . If I is written in

unary then Size(I) = 1 + |I | . (In both cases, the initial “1+” accounts for the sign bit, or,

for I = 0 , for the symbol “0”.)

• (Fractions) If ? ∈ ℤ and @ ∈ ℕ then Size(?/@) = Size(?) + Size(@) − 1 . (The “-1” is there

because we do not need a sign bit for the denominator and the denominator cannot be

zero.)

• (Rationals) If A ∈ ℚ then write A as ?/@ where ? ∈ ℤ , @ ∈ ℕ , and gcd(?, @) = 1 , and we

set Size(A) = Size(?/@) .

Definition 2.2 (Size of a polynomial). Let 5 be an arbitrary polynomial with integer or rational

coefficients, in variables G1 , . . . , G= .We set

Size( 5 ) =
∑
8

Size(08) ,

where the 08 are the coefficients of 5 (including the zero coefficients).

Following [9], we define the Polynomial Calculus proof system.

Definition 2.3 (Polynomial Calculus, [9]). Let Γ = {%1 , . . . , %<} ⊂ '[G1 , . . . , G=] be a set of

polynomials in the variables G1 , . . . , G= over an integral domain ' such that the system of

equations %1 = 0, . . . , %< = 0 has no solution. A Polynomial Calculus refutation of Γ is a

sequence of polynomials '1 , . . . , 'B where 'B = " for some constant " ∈ '\{0} and for every

; in {1, . . . , B} , '; ∈ Γ or is obtained through one of the following derivation rules for 9 , : < ;

• '; = 
' 9 + �': for 
, � ∈ '

• '; = G8':

The size of the refutation is

∑B
;=1

Size(';) . The degree of the refutation is max; deg(';) .

We now define Ext-PC' , a variant of PC' ,where the proof system is additionally allowed to

introduce new variables H8 corresponding to arbitrary polynomials in the original variables G8 .
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Definition 2.4 (Extended Polynomial Calculus). Let Γ = {%1 , . . . , %<} ⊂ '[G1 , . . . , G=] be a set
of polynomials in the variables G1 , . . . , G= over a domain ' such that the system of equations

%1 = 0, . . . , %< = 0 has no solution. An Ext-PC' refutation of Γ is a PC' refutation of a set

Γ′ = {%1 , . . . , %< , H1 −&1(G1 , . . . , G=),
H2 −&2(G1 , . . . , G= , H1), . . . , H< −&<(G1 , . . . , G= , H1 , . . . , H<−1)}

where the &8 ∈ '[®G, H1 , . . . , H8−1] are arbitrary polynomials and the H8 are new variables.

The size of the Ext-PC' refutation is defined as the size of the corresponding PC' refutation

of Γ′ .

Following [18], we define the ΣΠΣ-PC' proof system.

Definition 2.5 (ΣΠΣ-PC' , [18]). Let Γ = {%1 , . . . , %<} ⊂ '[G1 , . . . , G=] be a set of polynomials in

the variables G1 , . . . , G= over a ring ' such that the system of equations %1 = 0, . . . , %< = 0 has no

solution. A ΣΠΣ-PC' refutation of Γ is a PC' refutation of a set Γ′ = {%1 , . . . , %< , &1 , . . . , &<} ,
where &8 are polynomials of the form &8 = H8 − (080 +

∑
9 08 9G 9) for some constants 08 9 ∈ ' .

The size of theΣΠΣ-PC' refutation is defined as the size of the corresponding PC' refutation

of Γ′ .

Now we consider a variant of the Polynomial Calculus proof system with additional square
root derivation rule (see [13]).

Definition 2.6 (Polynomial Calculus with square root). Let Γ = {%1 , . . . , %<} ⊂ '[G1 , . . . , G=]
be a set of polynomials in the variables G1 , . . . , G= over an integral domain ' such that the

system of equations %1 = 0, . . . , %< = 0 has no solution. A PC
√

'
refutation of Γ is a sequence

of polynomials '1 , . . . , 'B where 'B = " for some constant " ∈ ', " ≠ 0 and for every ; in

{1, . . . , B} , '; ∈ Γ or is obtained through one of the following derivation rules for 9 , : < ;

• '; = 
' 9 + �': for 
, � ∈ '

• '; = G8': for some 8 ∈ {1, . . . , =}

• '2

;
= ': (which means that we can take square root of a polynomial if and only if it is a

square of some other polynomial)

The size of the refutation is

∑B
;=1

Size(';) , where Size(';) is the size of the polynomial '; . The

degree of the refutation is max; deg(';) .
Remark 2.7. Usually, the Polynomial Calculus proof system is defined over algebraically closed

fields, since the completeness of Polynomial Calculus is based on the Nullstellensatz theorem.

In our work, we consider Polynomial Calculus and its extensions over the rings ℚ or ℤ . For

both of these rings, if we consider the Boolean case, where we add the axioms G2

8
− G8 = 0 , our

system is complete (see [9, 3] for ℚ and ℤ), which means that for every system of equations

{ 58(®G) = 0} unsatisfiable over {0, 1} assignments there is a PC
√

'
refutation. Also, note that if ' is

an integral domain and %2 = 0 for some % ∈ '[®G] , then % = 0 . This gives us the soundness for

the PC
√

'
proof system over the integral domain ' .
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Definition 2.8 (ΣΠΣ-PC
√

'
, Ext-PC

√

'
). The proofs in ΣΠΣ-PC

√

'
and Ext-PC

√

'
are defined in the

same way, as in Definitions 2.5 and 2.4, but instead of PC' derivations we consider the PC
√

'
derivations. The size of the refutation is defined the same way as in Definitions 2.5 and 2.4.

It is easy to see that ΣΠΣ-PC' can be polynomially simulated in Ext-PC' and ΣΠΣ-PC
√

'
can

be polynomially simulated in Ext-PC
√

'
.

3 Lower bound

In order to prove the lower bound for the Ext-PC
√

ℚ
proof system (Theorem 3.5), we consider the

following subset-sum instance [3, 24]:

Definition 3.1 (Binary Value Principle BVP=). The binary value principle over the variables

G1 , . . . , G= , BVP= for short, is the following unsatisfiable system of equations:

1 + G1 + 2G2 + . . . + 2
=−1G= = 0,

G2

1
− G1 = 0, G2

2
− G2 = 0, . . . , G2

= − G= = 0.

As mentioned in the Introduction Part and Tzameret [24] proved an exponential lower

bound for DAG-like Res-Lin refutations overℚ for BVP= . Also, it is known that if the Ideal Proof

System admits a polynomial-size refutation of BVP= , then with some assumptions, the Ideal

Proof System over ℤ is polynomially equivalent to the Cone Proof System over ℤ , where the

Cone Proof System is a semi-algebraic proof system operating with circuits (see [3]). However,

under the Shub–Smale conjecture, BVP= requires superpolynomial-size refutation in the Ideal

Proof System (also see [3]).

It was also mentioned in the Introduction that the technique we use for proving the lower

bound is similar to the technique for proving the conditional IPS lower bound in [3]. The lower

bound on the size of the Ext-PC
√

ℚ
refutation of BVP= consists of two parts:

• In the first part we prove an exponential lower bound on the number of different prime

factors of the constant at the end of an Ext-PC
√

ℤ
refutation of BVP= . The technique used

to prove this lower bound is similar to the technique used to prove the conditional IPSℤ

lower bound.

• In the second part we transform an Ext-PC
√

ℤ
refutation of BVP= into an Ext-PC

√

ℚ
refutation

of BVP= in order to get the lower bound over the rationals. This part is slightly different

from the corresponding transformation of IPSℤ into IPSℚ from [3].

3.1 Lower bound over the integers

In this section, we prove that the constant at the end of an Ext-PC
√

ℤ
refutation of BVP= is

divisible by all prime numbers less than 2
= . This fact instantly gives us a lower bound for integer

refutations and in the next section, we will use this fact to prove the lower bound over rationals.

Formally, we prove the following theorem:
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Theorem 3.2. The constant at the end of any Ext-PC
√

ℤ
refutation of BVP= is divisible by every prime

number less than 2
= , therefore any Ext-PC

√

ℤ
refutation of BVP= requires size Ω(2=) .

Proof. Assume that '1 , . . . , 'C is an Ext-PC
√

ℤ
refutation of BVP= . Then '1 , . . . , 'C is a PC

√

ℤ
refutation of some set of polynomials

Γ′ = {�(®G), �1(®G), . . . , �=(®G), H1 −&1(®G), . . . H< −&<(®G, H1 , . . . , H<−1)} ,
where �(®G) = 1 +∑=

8=1
2
(8−1)G8 , �8(®G) = G2

8
− G8 and &8 ∈ ℤ[®G, H1 , . . . , H8−1] .

By the definition of an Ext-PC
√

ℤ
refutation there exists an integer constant " ≠ 0 such that

'C = " .

Claim 3.3. " is divisible by every prime number less than 2
= .

Proof of claim: Consider an arbitrary integer 0 ≤ : < 2
=
and its binary representation 11 , . . . , 1= .

Let :+1 be prime. Then �(11 , . . . , 1=) = :+1 , �8(11 , . . . , 1=) = 12

8
−18 = 0 .Also consider integers

21 , . . . , 2< such that 28 = &8(11 , . . . , 1= , 21 , 22 , . . . , 28−1) . Now we prove by induction that every

integer '8(11 , . . . , 1= , 21 , . . . , 2<) is divisible by : + 1 and thus " is divisible by every prime

number less than 2
= .

Base case: if 8 = 1 , then

'8 = �(11 , . . . , 1= , 21 , . . . , 2<) = : + 1

or

'8 = �8(11 , . . . , 1= , 21 , . . . , 2<) = 0

or

'8(11 , . . . , 1= , 21 , . . . , 2<) = 28 −&8(11 , . . . , 1= , 21 , . . . , 28−1) = 0 ,

which means that '8 is divisible by : + 1 .

Induction step: suppose that ' 9 is divisible by : + 1 for any 9 ≤ 8 . Now we show it for '8+1 .

There are four cases:

1. If '8+1 ∈ Γ′ , then this case is equivalent to the base case and '8+1(11 , . . . , 1= , 21 , . . . , 2<) is
divisible by : + 1 .

2. If '8+1 = 
' 9 + �'B for 
, � ∈ ℤ and 9 , B ≤ 8 , then '8+1(11 , . . . , 1= , 21 , . . . , 2<) is divisible
by : + 1 because ' 9(11 , . . . , 1= , 21 , . . . , 2<) and 'B(11 , . . . , 1= , 21 , . . . , 2<) are divisible by

: + 1 and 
 and � are integers.

3. If '8+1 = G 9'B or '8+1 = H 9'B , then '8+1(11 , . . . , 1= , 21 , . . . , 2<) is divisible by : + 1 because

'B(11 , . . . , 1= , 21 , . . . , 2<) is divisible by : + 1 and 1 9 and 2 9 are integers.

4. If '2

8+1
= 'B , then 'B(11 , . . . , 1= , 21 , . . . , 2<) is divisible by : + 1 . Suppose

'8+1(11 , . . . , 1= , 21 , . . . , 2<) is not divisible by : + 1 . Then '8+1(11 , . . . , 1= , 21 , . . . , 2<)2 is

not divisible by : + 1 since : + 1 is prime. But

'8+1(11 , . . . , 1= , 21 , . . . , 2<)2 = 'B(11 , . . . , 1= , 21 , . . . , 2<) ,
which leads us to a contradiction.
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Since every '8(11 , . . . , 1= , 21 , . . . , 2<) is divisible by : + 1 , we conclude that

" = 'C(11 , . . . , 1= , 21 , . . . , 2<)

is divisible by every : + 1 less than 2
= , and in particular " is divisible by every prime number

less than 2
= .

So " is divisible by the product of all prime numbers less than 2
= . Then |" | > (�(2=))!

where �(2=) is the number of all prime numbers less than 2
= . By the prime number theorem

�(2=) > �1

2
=

= for some constant �1 > 0 . By Stirling’s approximation we get for some constants

�2 , �3 , �4 > 0 that

|" | >
(
�1

2
=

=

)
! > �2 ·

(
�1

2
=

4 · =

)�1

2
=

=

> �3

(
2

=
2

)�1

2
=

=

> �32
(2=�4) ,

which means that" consists of at least �5 · 2= bits and therefore any Ext-PC
√

ℤ
refutation of BVP=

requires size Ω(2=) . �

3.2 Lower bound over the rationals

In order to prove a lower bound over ℚ , we need to convert an Ext-PC
√

ℚ
proof into an Ext-PC

√

ℤ

proof. The key idea of this translation is that we can create an Ext-PC
√

ℤ
proof in which the

constant at the end is a product of some constants occurring in the original Ext-PC
√

ℚ
refutation.

Since the constant at the end of the Ext-PC
√

ℤ
refutation is divisible by all prime numbers less

than 2
= , we get a lower bound on the size of constants occurring in the Ext-PC

√

ℚ
refutation and

hence on the size of the refutation itself.

In this translation we try to multiply every line of an Ext-PC
√

ℚ
refutation by some constant to

get a correct Ext-PC
√

ℤ
refutation. However, there is an obstacle to this approach: we need to

somehow convert the Ext-PC
√

ℚ
extension variables encoding polynomials over ℚ into extension

variables encoding polynomials over ℤ .With this transformation, the bit size of the constants in

our derivation can increase exponentially. For example, assume that we have extension variables

of the form

H1 =
G

2

, H2 = H
2

1
, . . . , H= = H

2

=−1
.

These extension variables can be transformed naturally into a sequence of extension variables

such that H′
8
= � · H8 for some constant �:

H′
1
= G, H′

2
= H′2

1
, . . . , H′= = H

′2
=−1

.

Then, if we have a line in an Ext-PC
√

ℚ
derivation of the form, for example

H2

= − H=−1 + G = 0,

THEORY OF COMPUTING, Volume 22 (4), 2026, pp. 1–29 10

http://dx.doi.org/10.4086/toc


A LOWER BOUND FOR POLYNOMIAL CALCULUS WITH EXTENSION RULE

it would be transformed into (
1

2
2
= H
′
=

)
2

− 1

2
2
=−1

H′=−1
+ G = 0,

which has an exponential bit size. The main purpose of the next theorem is to deal with this

obstacle.

Theorem 3.4. Suppose we have an Ext-PC
√

ℚ
derivation '1 , . . . , 'C from some set of polynomials,

Γ = { 51 , . . . , 5=} ⊂ ℤ[®G] . Also, suppose 'C ∈ ℚ[®G] , which means that 'C does not depend on newly
introduced variables.

Then there is an Ext-PC
√

ℤ
derivation '′′

1
, . . . , '′′C′ from Γ , where

'′′C′ = �21

1
· · · �2;

;
· !2;+1

1
· · · !2;+CC · 'C ,

and

• 21 , 22 , . . . , 2;+C are some non-negative integers.

• Each !8 ∈ ℕ is the product of all denominators in the coefficients of '8 .

• The set of constants {�1 , �2 , . . . , �;} ⊂ ℕ is the set of all denominators of the constants in
{�1 , �2 , . . . , �;} where {�1 , �2 , . . . , �;} ⊂ ℚ is the set of all constants 
 and � occurring in linear
combination derivations in our proof. This means that some ' 9(®G, ®H) was derived by using the
linear combination rule with the constants 
 and � , or in other words, ' 9 = 
'8 + �': for some
previously derived polynomials '8 and ': .

Assuming the theorem above, we can easily prove the lower bound on the size of BVP=
refutations in Ext-PC

√

ℚ
.

Theorem 3.5. Any Ext-PC
√

ℚ
refutation of BVP= requires size Ω(2=) .

Proof. Consider any Ext-PC
√

ℚ
refutation of BVP= of size ( . By Theorem 3.4, there is an Ext-PC

√

ℤ

refutation of BVP= such that the constant at the end of this refutation is equal to �21

1
· · · �2;

;
·

!
2;+1

1
· · · !2;+CC ·" where " is the constant at the end of the original Ext-PC

√

ℚ
refutation. Suppose

that " =
?

@ , where ? ∈ ℤ and @ ∈ ℕ . Then, by Theorem 3.2, �21

1
· · · �2;

;
· !2;+1

1
· · · !2;+CC · ? is

divisible by every prime number less than 2
= . Since �1 , . . . , �; , !1 , . . . , !C are positive integers,

�1 · · · �; · !1 · · · !C · ? is divisible by every prime number less than 2
= . Also,

logd�1e + · · · + logd�;e + logd!1e + · · · + logd!Ce + logd?e ≤ $(Size(()) ,

because all the constants !1 , . . . , !C are products of denominators in the lines of our refutation

'1 , . . . , 'C and the constants �1 , . . . , �; are denominators of rationals in linear combinations

used in our derivation.

On the other hand,

�1 · · · �; · !1 · · · !C · ? ≥ 2
2
Ω(=)

,

since our product is divisible by every prime number less than 2
= . Then ( ≥ 2

Ω(=) . �
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Now we prove Theorem 3.4.

Proof of Theorem 3.4. Since '1 , . . . , 'C is an Ext-PC
√

ℚ
derivation from Γ , '1 , . . . , 'C is a PC

√

ℚ

derivation from some set Γ′ = Γ∪{H1−&1(®G), . . . , H<−&<(®G, H1 , . . . , H<−1)}where&8 ∈ ℚ[®G, ®H] .
Our plan is:

• In Claim 3.6 we construct an Ext-PC
√

ℚ
derivation '′

1
, . . . , '′B from '1 , . . . , 'C that uses

extension variables H′
8
encoding polynomials over ℤ .

• Given the derivation '′
1
, . . . , '′B , we construct by induction an Ext-PC

√

ℤ
derivation

'′′
1
, . . . , '′′

5
, using the same extension variables.

Consider integers "1 , . . . , "< where each "8 is equal to the product of denominators of

all coefficients of polynomial &8 .We can assume that {"1 , . . . , "<} is a subset of {!1 , . . . , !C}
since all the polynomials H8 −&8 should occur in our derivation.

Now we construct the Ext-PC
√

ℤ
derivation from Γ such that the polynomial at the end of this

derivation is equal to

"
21

1
·"22

2
· · ·"2<

< · �2<+1

1
· · · �2<+;

;
· !2<+;+1

1
· · · !2<+;+CC · 'C ,

where {21 , 22 , . . . , 2<+;+C} ⊂ ℕ ∪ {0} .
First, we translate polynomials &8 into integer polynomials &′

8
. Consider &′

1
(®G) = "1 ·&1(®G)

where"1 is equal to the product of denominators of all coefficients of the polynomial &1 . Then

&′
1
∈ ℤ[®G] and )1 = "1 . Then consider &′

2
(®G, H′

1
) = )2 · &2(®G,

H′
1

)1

)where )2 is equal to )

11

1
·"2

and 
11 is a non-negative integer chosen so that &′
2
∈ ℤ[®G, H′

1
] . Then for every 8 we consider

&′
8
(®G, H′

1
, . . . , H′

8−1
) = )8 · &8(®G,

H′
1

)1

, . . . ,
H′
8−1

)8−1

) where )8 = )

81

1
· )
82

2
· · ·)
88−1

8−1
·"8 and 
81 , . . . , 
88−1

are non-negative integers chosen so that &′
8
∈ ℤ[®G, H′

1
, . . . , H′

8−1
] . Note that we are not interested

in the size of the integers 
8 9 , so they can be arbitrarily large.

Now we construct a PC
√

ℚ
derivation '′

1
, . . . , '′B from the set Γ′′ = Γ ∪ {H′

1
− &′

1
(®G), . . . H′< −

&′<(®G, H′1 , . . . , H′<−1
)} of the following form: this derivation duplicates the original derivation

'1 , . . . , 'C in all cases except when the polynomial '8 was derived by multiplying by some

variable H 9 from some polynomial ': . In this case we multiply the corresponding polynomial

by H′
9
and then multiply it by

1

)9
.

Formally, we prove the following claim:

Claim 3.6. There is a PC
√

ℚ
derivation '′

1
, . . . , '′B from the set

Γ′′ = Γ ∪ {H′
1
−&′

1
(®G), . . . H′< −&′<(®G, H′1 , . . . , H′<−1

)} for which the following conditions hold.

• For every polynomial '′
8
(®G, H′

1
, . . . , H′<) one of the following equations holds: either

'′8(®G, H1 · )1 , . . . , H< · )<) = ' 9(®G, H1 , . . . , H<) for some 9

or
'′8(®G, H1 · )1 , . . . , H< · )<) = ): · ' 9(®G, H1 , . . . , H<) for some : and 9.
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• If '′
8
(®G, H′

1
, . . . , H′<) was derived from '′

9
(®G, H′

1
, . . . , H′<) and '′:(®G, H1 , . . . , H<) by taking a linear

combination with rational constants 
 and � (which means that '′
8
= 
'′

9
+ �'′

:
), then one of the

two conditions holds:

– 
 = 1

)5
and � = 0 for some 5 .

– There is some polynomial 'ℎ(®G, H′
1
, . . . , H′<) which was derived from some polynomials 'E

and '; by using linear combination with constants 
 and � ('ℎ = 
'E + �';).

• The last polynomial 'C satisfies the following polynomial equation:

'′B(G1 , . . . , G= , )1 · H1 , . . . , )< · H<) = 'C(G1 , . . . , G= , H1 , . . . , H<).

Proof of Claim 3.6. We construct the PC
√

ℚ
derivation '′

1
, '′

2
, . . . , '′B of the set Γ

′′
by induction.

Induction statement: Let '1 , . . . , '8 be a PC
√

ℚ
derivation from Γ′ . Then there exists a PC

√

ℚ
derivation '′

1
, . . . , '′? from Γ′′ such that

• ? ≤ 28 .

• For every ' 9(G1 , . . . , G= , H1 , . . . , H<) there exists an '′:(G1 , . . . , G= , H
′
1
, . . . , H′<) such that

'′:(G1 , . . . , G= , )1 · H1 , . . . , )< · H<) = ' 9(G1 , . . . , G= , H1 , . . . , H<).

• All the properties, except the last one, mentioned in the claim are true for our derivation

'′
1
, . . . , '′? .

• The last polynomial '8 satisfies the following polynomial equation:

'′?(G1 , . . . , G= , )1 · H1 , . . . , )< · H<) = '8(G1 , . . . , G= , H1 , . . . , H<).

Base case: If 8 = 1 then '8 ∈ Γ′ . If '8 ∈ Γ then we can take '′
1
= '1 . Otherwise, if '8 = H 9 −& 9(®G)

then we can take '′
1
= H′

9
−&′

9
(®G, H′

1
, . . . , H′

9−1
) and '′

2
=

H′
9
−&′

9
(®G,H′

1
,...,H′

9−1
)

)9
. Then it is obvious that

'′
2
(®G, )1 · H1 , . . . , )< · H<) = '1(®G, H1 , . . . , H<).

Induction step: Suppose we have already constructed the PC
√

ℚ
derivation '′

1
, '′

2
, . . . , '′? for

which the induction statement is true. Now we have five cases depending on the way the '8+1 is

derived.

Case 1: If '8+1 ∈ Γ′ then this case is equivalent to the base case of induction.

Case 2: If '8+1 = 
' 9 + �'; then '′?+1
= 
'′

9′ + �'
′
;′ where

'′9′(G1 , . . . , G= , )1 · H1 , . . . , )< · H<) = ' 9(G1 , . . . , G= , H1 , . . . , H<)
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and

'′;′(G1 , . . . , G= , )1 · H1 , . . . , )< · H<) = ';(G1 , . . . , G= , H1 , . . . , H<).
Case 3: If '8+1 = G; · ' 9 then '′?+1

= G; · '′9′ where

'′9′(G1 , . . . , G= , )1 · H1 , . . . , )< · H<) = ' 9(G1 , . . . , G= , H1 , . . . , H<).

Case 4: If '2

8+1
= ' 9 then we take

'′?+1
(G1 , . . . , G= , H

′
1
, . . . , H′<) = '8+1(G1 , . . . , G= ,

H′
1

)1

, . . . ,
H′<
)<
) .

By the induction statement

' 9(G1 , . . . , G= , H1 , . . . , H<) = '′9′(G1 , . . . , G= , )1 · H′
1
, . . . , )< · H′<) ,

for some '′
9′ . Thus

' 9(G1 , . . . , G= ,
H′

1

)1

, . . . ,
H′<
)<
) = '′9′(G1 , . . . , G= , H

′
1
, . . . , H′<).

So

'′?+1
(G1 , . . . , G= , H

′
1
, . . . , H′<)2 = '8+1(G1 , . . . , G= ,

H′
1

)1

, . . . ,
H′<
)<
)2

= ' 9(G1 , . . . , G= ,
H′

1

)1

, . . . ,
H′<
)<
) = '′9′(G1 , . . . , G= , H

′
1
, . . . , H′<)

and '′
?+1

is derived from '′
9′ .

Case 5: If '8+1 = H; · ' 9 then let '′
?+1

= H′
;
· '′

9′ and '′
?+2

=
'′
?+1

);
where '′

9′(G1 , . . . , G= , )1 ·
H1 , . . . , )< · H<) = ' 9(G1 , . . . , G= , H1 , . . . , H<) .

It is easy to see that in all these cases the induction statement stays true. �

Now we will show that Γ′′ has a PC
√

ℤ
derivation in which the polynomial at the end is equal

to

"
21

1
·"22

2
· · ·"2<

< · �2<+1

1
· · · �2<+;

;
· !2<+;+1

1
· · · !2<+;+CC · 'C .

To do this we fix a PC
√

ℚ
derivation '′

1
, . . . , '′B from Γ′′ with the properties from the Claim 3.6

and construct a PC
√

ℤ
derivation from Γ′′ by induction. Moreover, we construct a PC

√

ℤ
deriva-

tion '′′
1
, . . . , '′′

5
in which every polynomial '′′

8
is equal to "

31

1
· "32

2
· · ·"3<

< · �3<+1

1
· · · �3<+;

;
·

!
3<+;+1

1
· · · !3<+;+CC · '′

8
for some non-negative integers 31 , . . . , 3<+;+C and some polynomial '′

8
.

Informally, we multiply each line in our PC
√

ℚ
derivation by some constant to get a correct

PC
√

ℤ
derivation. However, we cannot just multiply all the lines in a PC

√

ℚ
derivation '′

1
, . . . , '′B
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by the same constant and get a correct PC
√

ℤ
derivation. This happens because we can use

the linear combination rule in the PC
√

ℚ
derivation with rational coefficients, while in PC

√

ℤ
derivations we can only take a linear combination with integer coefficients. To overcome this

issue, we duplicate the original PC
√

ℚ
derivation '′

1
, . . . , '′B multiplied by some constant of the

form "
31

1
·"32

2
· · ·"3<

< · �3<+1

1
· · · �3<+;

;
· !3<+;+1

1
· · · !3<+;+CC every time we would like to simulate a

derivation in the original proof.

Induction statement: Let '′
1
, . . . , '′

8
be a PC

√

ℚ
derivation from Γ′′ with the properties from the

Claim 3.6. Then there exists a PC
√

ℤ
derivation '′′

1
, . . . , '′′

5
from Γ′′ such that

• 5 ≤ 282 .

• There is a constant �8 = "
11

1
·"12

2
· · ·"1<

< · �1<+1

1
· · · �1<+;

;
· !1<+;+1

1
· · · !1<+;+CC ∈ ℕ such that

�8 · '′
1
= '′′5−8+1

, �8 · '′
2
= '′′5−8+2

, . . . , �8 · '′8 = '
′′
5 .

Base case: If 8 = 1 then '′
8
∈ Γ′′ . Then we can take '′′

1
= '′

8
.

Induction step: Suppose we have already constructed the PC
√

ℤ
derivation '′′

1
, '′′

2
, . . . , '′′

5
for

which the induction statement is true. Then there are four cases depending on the way the '′
8+1

is derived.

Case 1: If '′
8+1
∈ Γ′′ then �8+1 = �8 and

'′′5+1
= '′8+1

,

'′′5+2
= �8+1 · '′

1
,

'′′5+3
= �8+1 · '′

2
,

. . . ,

'′′5+8+1
= �8+1 · '′8 ,

'′′5+8+2
= �8+1 · '′8+1

Case 2: If '′
8+1

= G 9'
′
;
or '′

8+1
= H′

9
'′
;
then �8+1 = �8 ,

'′′5+1
= �8+1 · '′

1
,

'′′5+2
= �8+1 · '′

2
,

. . . ,

'′′5+8 = �8+1 · '′8

and '′′
5+8+1

= G 9'
′′
5−8+; = �8+1 · '′8+1

or '′′
5+8+1

= H′
9
'′′
5−8+; = �8+1 · '′8+1

.
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Case 3: If '′
8+1

= 
'′
9
+ �'′

:
where 
 =

?1

@1

and � =
?2

@2

with {?1 , @1 , ?2 , @2} ⊂ ℤ , then we take

�8+1 = @1@2�8 ,

'′′5+1
= @1@2 · '′′5−8+1

= �8+1 · '′
1
,

'′′5+2
= @1@2 · '′′5−8+2

= �8+1 · '′
2
,

. . . ,

'′′5+8 = @1@2 · '′′5 = �8+1'
′
8

and '′′
5+8+1

= ?1@2 · '′′5−8+9 + ?2@1 · '′′5−8+: = �8+1'
′
8+1
. From Claim 3.6 we know that 
 = 1

):
for

some : and � = 0 , or @2 and @1 are equal to some �: and �A . From the induction statement

�8 = "
11

1
·"12

2
· · ·"1<

< · �1<+1

1
· · · �1<+;

;
· !1<+;+1

1
· · · !1<+;+CC .

Then, since ): = "
A
1:

1
· · ·"A<:

< ,

�8+1 = "
1′

1

1
·"1′

2

2
· · ·"1′<

< · �
1′
<+1

1
· · · �1

′
<+;
;
· !1

′
<+;+1

1
· · · !1

′
<+;+C
C ,

and the induction statement stays true.

Case 4: Suppose '′2
8+1

= '′
9
.We have that

'′8+1
(G1 , . . . , G= , H

′
1
, . . . , H′<) = ':(G1 , . . . , G= ,

H′
1

)1

, . . . ,
H′<
)<
)

or

'′8+1
(G1 , . . . , G= , H

′
1
, . . . , H′<) = )ℎ · ':(G1 , . . . , G= ,

H′
1

)1

, . . . ,
H′<
)<
) ,

for some ℎ . Then let "′ = !: · )
1

1
· )
2

2
· · ·)
<

< = !: ·"

′

1

1
·"
′

2

2
· · ·"
′<

< for some non-negative

integers 
1 , . . . , 
< , such that"′ · '′
8+1

is an integer polynomial. Such integers 
1 , . . . , 
< exist

since !: is the product of all denominators of coefficients of polynomial ': .

Then let �8+1 = "
′ · �8 . It is obvious that �8+1 · '′8+1

is an integer polynomial. Then we can

construct the following PC
√

ℤ
derivation:

'′′5+1
= �8("′)2 · '′′5−8+9 = (�8"

′)2 · '′9 ,
'′′5+2

= "′ · '′′5−8+1
= �8+1 · '′

1
,

'′′5+3
= "′ · '′′5−8+2

= �8+1 · '′
2
,

. . . ,

'′′5+8+1
= "′ · '′′5 = �8+1'

′
8 .

Then we take '′′
5+8+2

= �8"
′ · '′

8+1
and since '′′

5+1
= (�8"′)2 · '′9 , we have that ('′′

5+8+2
)2 = '′′

5+1

and we get a valid PC
√

ℤ
derivation.
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Since "′ = !: ·"

′

1

1
·"
′

2

2
· · ·"
′<

<

�8+1 = "
1′

1

1
·"1′

2

2
· · ·"1′<

< · �
1′
<+1

1
· · · �1

′
<+;
;
· !1

′
<+;+1

1
· · · !1

′
<+;+C
C ,

and the induction statement stays true.

So now we have a Ext-PC
√

ℤ
derivation from Γ such that the polynomial at the end of this

derivation is equal to"
21

1
·"22

2
· · ·"2<

< · �2<+1

1
· · · �2<+;

;
·!2<+;+1

1
· · · !2<+;+CC ·'′B .Also, from Claim 3.6,

'′B(G1 , . . . , G= , )1 · H1 , . . . , )< · H<) = 'C(G1 , . . . , G= , H1 , . . . , H<).

However, since 'C ∈ ℚ[®G] , we have that '′B(®G) = 'C(®G) . Then we have constructed the Ext-PC
√

ℤ
derivation from Γ in which the polynomial at the end equals "

21

1
·"22

2
· · ·"2<

< · �2<+1

1
· · · �2<+;

;
·

!
2<+;+1

1
· · · !2<+;+CC · 'C . �

4 Connection between Res-Lin , Ext-PC
√

ℚ
and Ext-PCℚ

Following [29], we define the Res-Lin proof system. To simplify our calculations, we use the

following notation:

Definition 4.1 (Inner product notation). For a vector (01 , . . . , 0=) ∈ '= we define

〈
®0, ®G

〉
to be the

following polynomial in the variables G1 , . . . , G= :〈
®0, ®G

〉
= 01G1 + . . . + 0=G= .

Definition 4.2. A disjunction of linear equations is of the following general form:(〈
®0(1) , ®G

〉
= 0
(1)
0

)
∨ · · · ∨

(〈
®0(C) , ®G

〉
= 0
(C)
0

)
(1)

where C ≥ 0 , ' is an integral domain, and the coefficients are 0
(9)
8
∈ ' for all 0 ≤ 8 ≤ = and

1 ≤ 9 ≤ C . The semantics of such a disjunction is the natural one: an assignment of values

from ' to the variables G1 , . . . , G= satisfies (1) if and only if there exists 9 ∈ {1, . . . , C} so that the

equation 0
(9)
1
G1 + . . . + 0(9)= G= = 0

(9)
0

holds under the given assignment.

The next definition applies to disjunctions of linear equations either with integer or with

rational coefficients, and with the integers written either in unary or in binary. We refer to

Def. 2.1 for the size of integers and rationals, both in unary and in binary notation.

Definition 4.3 (Size of disjunction of linear equations). For a linear equation 5 : 01G1 +
· · · + 0=G= = 00 with integer or rational coefficients, written in unary or in binary, we write

Size( 5 ) = ∑=
8=0

Size(08) . For a disjunction , = 51 ∨ · · · ∨ 5C of C linear equations, we write

Size(,) = ∑C
9=1

Size( 59) .
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Definition 4.4. Let  := { 1 , . . . ,  <} be a set of disjunctions of linear equations over an

integral domain ' . A Res-Lin' proof from  of a disjunction of linear equations � is a finite

sequence � = (�1 , . . . , �;) of disjunctions of linear equations over ' , such that �; = � and

for every 8 ∈ {1, . . . , ;} , either �8 =  9 for some 9 ∈ {1, . . . , <} , or �8 is a Boolean axiom

(Gℎ = 0) ∨ (Gℎ = 1) for some ℎ ∈ {1, . . . , =} , or �8 was deduced by one of the following Res-Lin
inference rules, using �9 , �: for some 9 , : < 8:

• Resolution: Let �, � be two, possibly empty, disjunctions of linear equations and let !1 ,

!2 be two linear equations. From � ∨ !1 and � ∨ !2 derive � ∨ � ∨ (
!1 + �!2) where


, � ∈ ' .

• Weakening: From a (possibly empty) disjunction of linear equations � derive � ∨ ! ,
where ! is an arbitrary linear equation over the variables G1 , . . . , G= .

• Simplification: From � ∨ (: = 0) derive � , where � is a, possibly empty, disjunction of

linear equations and : ∈ ' \{0} is a constant.

• Idempotency rule: From �∨ !∨ ! derive �∨ ! , where � is a, possibly empty, disjunction

of linear equations and ! is a linear equation.

Note that we assume that the order of equations in the disjunction is not significant, and we

explicitly contract identical equations.

A Res-Lin refutation of a collection of disjunctions of linear equations  is a proof of the

empty disjunction from  . The size of a Res-Lin proof � is the total size of all the disjunctions of

linear equations in � .

If all coefficients in our Res-Linℤ proof � are written in unary then we call this proof system

Unary Res-Linℤ . Otherwise, in Res-Linℤ without further specification all coefficients are written

in binary.

Remark 4.5. In the original Res-Lin proof system (see [29]), duplicate linear equations can be

discarded from the disjunction. Instead, our definition uses the idempotency rule explicitly. It is

easy to see that these variants of the Res-Lin system polynomially simulate each other. Also, the

original Res-Lin proof system was defined only for disjunctions of integer linear equations.

Definition 4.6. Let � be a disjunction of linear equations:(〈
®0(1) , ®G

〉
= 0
(1)
0

)
∨ · · · ∨

(〈
®0(C) , ®G

〉
= 0
(C)
0

)
.

We denote by �̂ its translation into the following system of polynomial equations:

H1 · H2 · · · HC = 0
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H1 =

〈
®0(1) , ®G

〉
− 0(1)

0
,

H2 =

〈
®0(2) , ®G

〉
− 0(2)

0
,

. . . ,

HC =
〈
®0(C) , ®G

〉
− 0(C)

0

If � is the empty disjunction, we define �̂ to be the single polynomial equation 1 = 0 .

Now we prove that ΣΠΣ-PC
√

ℚ
p-simulates Res-Lin and ΣΠΣ-PCℚ p-simulates Unary Res-

Linℤ .

4.1 ΣΠΣ-PC
√

ℚ
simulation of Res-Linℤ

Theorem 4.7. Let � = (�1 , . . . , �;) be a Res-Linℤ proof of �; from a collection of initial disjunctions of
linear equations &1 , . . . , &< over the variables G1 , . . . , G= . Also consider !1 , . . . , !C — all affine forms
that occur in the disjunctions in our Res-Linℤ proof sequence.

Then, there exists a PC
√

ℚ
proof of �̂; from

&̂1 ∪ . . . ∪ &̂< ∪ {H1 = !1 , H2 = !2 , . . . , HC = !C} ∪ {G2

1
= G1 , . . . , G

2

= = G=}

of size at most $(?(Size(�))) for some polynomial ? .

Proof. We proceed by induction on the number of lines in � .

Base case: A Res-Linℤ axiom &8 is translated into &̂8 and the Boolean axiom (G8 = 0) ∨ (G8 = 1) is
translated to G2

8
− G8 = 0 .

Induction step: Now we simulate all the Res-Linℤ derivation rules in PC
√

ℚ
.

• Resolution: Assume that �8 = � ∨ � ∨ (
!1 + �!2)where �9 = � ∨ !1 and �: = � ∨ !2 .

Then, we have already derived polynomial equations

H 91 =
〈
®0(1)
9
, ®G

〉
− 0(1)

90
, . . . , H 9C 9 =

〈
®0(C 9)
9
, ®G

〉
− 0(C 9)

90
,

H:1 =
〈
®0(1)
:
, ®G

〉
− 0(1)

:0
, . . . , H:C: =

〈
®0(C: )
:
, ®G

〉
− 0(C: )

:0
,

H 91 · H 92 · · · H 9C 9 = 0, H:1 · H:2 · · · H:C: = 0

where

� =
(〈
®0(2)
9
, ®G

〉
= 0
(2)
90

)
∨ · · · ∨

(〈
®0(C 9)
9
, ®G

〉
= 0
(C 9)
90

)
,

� =
(〈
®0(2)
:
, ®G

〉
= 0
(2)
:0

)
∨ · · · ∨

(〈
®0(C: )
:
, ®G

〉
= 0
(C: )
:0

)
,

!1 =

(〈
®0(1)
9
, ®G

〉
= 0
(1)
90

)
, !2 =

(〈
®0(1)
:
, ®G

〉
= 0
(1)
:0

)
.

THEORY OF COMPUTING, Volume 22 (4), 2026, pp. 1–29 19

http://dx.doi.org/10.4086/toc


YAROSLAV ALEKSEEV

Then we derive H 91 · H 92 · · · H 9C 9 · H:2 · · · H:C: = 0 , H:1 · H 92 · · · H 9C 9 · H:2 · · · H:C: = 0 and thus

(
H 91 + �H:1) · H 92 · · · H 9C 9 · H:2 · · · H:C: = 0 . Then there is an equation H8 = !8 from the set

{H1 = !1 , H2 = !2 , . . . , HC = !C} for which

!8 = 

(〈
®0(1)
9
, ®G

〉
− 0(1)

90

)
+ �

(〈
®0(1)
:
, ®G

〉
− 0(1)

:0

)
.

Then we derive H8 = 
H 91 + �H:1 and H8 · H 92 · · · H 9C 9 · H:2 · · · H:C: = 0 , which together with

the corresponding linear equations for H8 , H92 , . . . , H 9C 9 , H:2 , . . . , H:C: give �̂8 .

• Weakening: Assume that �8 = �9 ∨ !where ! is a linear equation. Then, we have already

derived polynomial equations

H 91 =
〈
®0(1)
9
, ®G

〉
− 0(1)

90
, . . . , H 9C 9 =

〈
®0(C 9)
9
, ®G

〉
− 0(C 9)

90
,

H 91 · H 92 · · · H 9C 9 = 0.

There is a variable H0 for which H0 = 11G1 + . . . + 1=G= − 10 where ! is a linear equation

11G1 + . . . + 1=G= = 10 . From H 91 · H 92 · · · H 9C 9 = 0 we derive H0 · H 91 · H 92 · · · H 9C 9 = 0 , which

together with the corresponding linear equations for H0 , H91 , H92 , . . . , H 9C 9 gives us �̂8 .

• Simplification: Suppose that �8 = � and �9 = � ∨ (: = 0) where : ∈ ℤ , : ≠ 0 . Then, we

have already derived polynomial equations

H 91 =
〈
®0(1)
9
, ®G

〉
− 0(1)

90
, . . . , H 9C 9−1 =

〈
®0(C 9−1)
9

, ®G
〉
− 0(C 9−1)

90
, H 9C 9 = :,

H 91 · H 92 · · · H 9C 9 = 0.

From equation H 91 · H 92 · · · H 9C 9 = 0 we can derive equation H 91 · H 92 · · · H 9C 9−1 · : = 0 from

which we derive H 91 · H 92 · · · H 9C 9−1 = 0 . Together with the corresponding linear equations

for H 91 , H92 , . . . , H 9C 9−1 this equation gives us �̂8 .

• Idempotency rule: Assume that �8 = � ∨ ! and �9 = � ∨ ! ∨ ! where ! is a linear

equation. Then, we have already derived polynomial equations

H 91 =
〈
®0(1)
9
, ®G

〉
− 0(1)

90
, . . . , H 9C 9−1 = H 9C 9 =

〈
®0(C 9−1)
9

, ®G
〉
− 0(C 9−1)

90
,

H 91 · H 92 · · · H 9C 9−1 · H 9C 9 = 0.

Then we can derive H 9C 9−1 = H 9C 9 and H 91 · H 92 · · · H 9C 9−2 · (H2

9C 9−1
) = 0 . Using multiplication we

derive H2

91
· H2

92
· · · H2

9C 9−2
· (H2

9C 9−1
) = 0 fromwhich we derive the equation H 91 · H 92 · · · H 9C 9−1 = 0

by using the square root rule. This equation together with the corresponding linear

equations for H 91 , H92 , . . . , H 9C 9−1 gives us �̂8 .

Having the polynomial simulation of every Res-Linℤ derivation rule, we can conclude our

proof. �
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Corollary 4.8. Suppose we have a Res-Linℤ refutation � of a collection of linear equations &1 , . . . , &<

over variables G1 , . . . , G= . Then, there exists a ΣΠΣ-PC
√

ℚ
refutation of

&̂1 ∪ . . . ∪ &̂< ∪ {G2

1
= G1 , . . . , G

2

= = G=}

of size at most $(?(Size(�))) for some polynomial ? .

Proof. For each affine form ! in a Res-Linℤ refutation � we introduce a new variable H = ! via

the extension rule. Then, we can apply Theorem 4.7 to construct an $(?(Size(�))) refutation. �

Nowwe will show that our lower bound provides an interesting counterpart to a result from

[24].

Theorem 4.9 ([24]). Any Res-Linℤ refutation of 1 + G1 + . . . + 2
=−1G= = 0 has size 2

Ω(=) .

Proof. By Theorem 3.5, any Ext-PC
√

ℚ
refutation of BVP= requires size 2

Ω(=) . Since Ext-PC
√

ℚ

polynomially simulates the ΣΠΣ-PC
√

ℚ
proof system, from Corollary 4.8 we get that there is a

polynomial ? such that for any Res-Linℤ refutation of BVP= of size ( the equation ?(() ≥ �0 ·2�1·=

holds. Then for some constant � the equation ( ≥ 2
�·=

holds. �

4.2 ΣΠΣ-PCℚ simulation of Unary Res-Linℤ
In this section we show that we do not need the square root derivation rule to simulate Res-Lin
with unary coefficients.

Theorem 4.10. Let � = (�1 , . . . , �;) be an Unary Res-Linℤ proof sequence of �; from a collection of
initial disjunctions of linear equations &1 , . . . , &< . Then, there exists a ΣΠΣ-PCℚ proof of �̂; from
&̂1 ∪ . . . ∪ &̂< of size at most $(?(Size(�))) for some polynomial ? .

Proof. To prove this theorem we will use the following lemma from [18]:

Lemma 4.11 ([18], revision 2 of the ECCC report, lemma 7, p.32). Let Γ be the following set of
polynomial equations:

G0 = 5 (®G), G1 = 5 (®G) − 1, . . . , G0 = 5 (®G) − 0,
H0 = ,(®G), H1 = ,(®G) − 1, . . . , H1 = ,(®G) − 1,

G0 · G1 · G2 · · · G0 = 0, H0 · H1 · H2 · · · H1 = 0,

where 5 and , are affine forms over variables ®G . Then we can introduce new variables I, I1 , . . . , I0+1
using the following ΣΠΣ-PCℚ extension rule:

I0 = 5 (®G)+,(®G), I1 = 5 (®G)+,(®G)+1, I2 = 5 (®G)+,(®G)+2, . . . , I0+1 = 5 (®G)+,(®G)+ 0+ 1,

and derive equation
I0 · I1 · I2 · · · I0+1 = 0.

from Γ inΣΠΣ-PCℚ with a derivation of size ?>;H(01) and using only extensions of the original variables
®G .
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We prove Theorem 4.10 by induction on the lines of � .

Base case: AnUnary Res-Linℤ axiom&8 is translated to &̂8 and theBoolean axiom (G8 = 0)∨(G8 = 1)
is translated to G2

8
− G8 = 0 .

Induction step: Now we simulate all the Unary Res-Linℤ derivation rules in ΣΠΣ-PCℚ .

• Resolution,Weakening, Simplification rules: the simulation is the same as in Theorem 4.7.

• Idempotency rule: Assume that �8 = � ∨ ! and �9 = � ∨ ! ∨ ! where ! is a linear

equation. Then, we have already derived polynomial equations

H 91 =
〈
®0(1)
9
, ®G

〉
− 0(1)

90
, . . . , H 9C 9−1 = H 9C 9 =

〈
®0(C 9−1)
9

, ®G
〉
− 0(C 9−1)

90
,

H 91 · H 92 · · · H 9C 9−1 · H 9C 9 = 0.

Then we can derive H 9C 9−1 = H 9C 9 and H 91 · H 92 · · · H 9C 9−2 · (H2

9C 9−1
) = 0 .

Now consider the equation H 9C 9−1 = 0
(C 9−1)
91

G1 + 0
(C 9−1)
92

G2 + . . . + 0
(C 9−1)
9=

G= − 0
(C 9−1)
90

. Using the

extension rule we can introduce new variables

I
(1)
−"1

, I
(1)
−"1+1

, . . . , I
(1)
"1−1

, I
(1)
"1

,

I
(2)
−"2

, I
(2)
−"2+1

, . . . , I
(2)
"2−1

, I
(2)
"2

,

. . . ,

I
(=)
−"=

, I
(=)
−"=+1

, . . . , I
(=)
"=−1

, I
(=)
"=
,

with the following equations for each 1 ≤ 8 ≤ =:

I
(8)
−"8

= 0
(C 9−1)
91

G1 + . . . + 0
(C 9−1)
98

G8 − 0
(C 9−1)
90
−"8 ,

I
(8)
−"8+1

= 0
(C 9−1)
91

G1 + . . . + 0
(C 9−1)
98

G8 − 0
(C 9−1)
90
−"8 + 1,

. . . ,

I
(8)
"8−1

= 0
(C 9−1)
91

G1 + . . . + 0
(C 9−1)
98

G8 − 0
(C 9−1)
90
+"8 − 1,

I
(8)
"8
= 0
(C 9−1)
91

G1 + . . . + 0
(C 9−1)
98

G8 − 0
(C 9−1)
90
+"8 ,

where "8 = |0
(C 9−1)
90
| + |0(C 9−1)

91
| + . . . + |0(C 9−1)

98
| for 1 ≤ 8 ≤ = .

Now, having the equation (0(C 9−1)
91

G1) · (0
(C 9−1)
91

G1 − 0
(C 9−1)
91
) = 0 from the Boolean axiom for

the variable G1 , we can derive using Lemma 4.11 that

I
(1)
−"1

· I(1)−"1+1
· · · I(1)

"1−1
· I(1)

"1

= 0.

In this case, we take 5 (®G) = 0(C 9−1)
91

G1 + |0
(C 9−1)
91
| , ,(®G) = |0(C 9−1)

90
| , 0 = 2|0(C 9−1)

91
| , 1 = 2|0(C 9−1)

90
| .
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After that again using Lemma 4.11, we can derive the following equations one by one:

I
(8)
−"8
· I(8)−"8+1

· · · I(8)
"8−1
· I(8)

"8
= 0.

In order to do so for each 2 ≤ 8 ≤ =we take 5 (®G) = 0(C 9−1)
91

G1+ . . .+ 0
(C 9−1)
98−1

G8−1− 0
(C 9−1)
90
+"8−1 ,

,(®G) = 0
(C 9−1)
98

G8 + |0
(C 9−1)
98
| , 0 = 2"8−1 , 1 = 2|0(C 9−1)

98
| . Here we use the Boolean axioms for

the variables G2 , . . . , G= to derive (0(C 9−1)
98

G8) · (0
(C 9−1)
98

G8 − 0
(C 9−1)
98
) = 0 .

Informally, each equation of the form I
(8)
−"8
· I(8)−"8+1

· · · I(8)
"8−1
· I(8)

"8
= 0 encodes the fact

that the value of 0
(C 9−1)
91

G1 + . . . + 0
(C 9−1)
98

G8 − 0
(C 9−1)
90

lies inside [−"8 , "8] for any Boolean

assignment of variables.

Finally, we derive the following system of equations:

I
(=)
−"=

=

〈
®0(C 9−1)
9

, ®G
〉
− 0(C 9−1)

90
−"= ,

I
(=)
−"=+1

=

〈
®0(C 9−1)
9

, ®G
〉
− 0(C 9−1)

90
−"= + 1,

. . . ,

I
(=)
"=−1

=

〈
®0(C 9−1)
9

, ®G
〉
− 0(C 9−1)

90
+"= − 1,

I
(=)
"=

=

〈
®0(C 9−1)
9

, ®G
〉
− 0(C 9−1)

90
+"= ,

I
(=)
−"=
· I(=)−"=+1

· · · I(=)
"=−1

· I(=)
"=

= 0,

from which we derive that

I
(=)
−"=

= H 9C 9−1 −"= ,

I
(=)
−"=+1

= H 9C 9−1 −"= + 1,

. . . ,

I
(=)
"=−1

= H 9C 9−1 +"= − 1,

I
(=)
"=

= H 9C 9−1 +"= ,

where "= = |0(C 9−1)
90
| + |0(C 9−1)

91
| + |0(C 9−1)

92
| + . . . + |0(C 9−1)

9=
| . Then, having the equations

I
(=)
:

= H 9C 9−1 + : , we can substitute H 9C 9−1 + : for each I
(=)
:

into the equation I
(=)
−"=
·

I
(=)
−"=+1

· · · I(=)
"=−1

· I(=)
"=

= 0 one by one and get

ℎ(H 9C 9−1) = 0,

where ℎ(H 9C 9−1) = 11 · H 9C 9−1 + 12 · H2

9C 9−1
+ . . . + 12"=+1 · H2"=+1

9C 9−1
is a polynomial from

ℤ[H 9C 9−1] and 11 = (("=)!)2 · (−1)"= . Then we derive the following equation by using the
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multiplication rule:

H 91 · H 92 · · · H 9C 9−2 · ℎ(H 9C 9−1) = 11 · H 91 · H 92 · · · H 9C 9−2 · H 9C 9−1+
+ H 91 · H 92 · · · H 9C 9−2 · (H2

9C 9−1
) · (12 + 13 · H 9C 9−1 + . . . + 12"=+1 · H2"=−1

9C 9−1
) = 0.

Now, using the equation H 91 ·H 92 · · · H 9C 9−2 ·(H2

9C 9−1
) = 0wederive 11 ·H 91 ·H 92 · · · H 9C 9−2 ·H 9C 9−1 = 0

and since 11 ≠ 0 we derive H 91 · H 92 · · · H 9C 9−2 · H 9C 9−1 = 0 . This equation together with the

corresponding linear equations for H 91 , H92 , . . . , H 9C 9−1 gives �̂8 . �

4.3 Ext-PCℚ cannot simulate the square root derivation rule

The following statement shows that the square root rule cannot be eliminated in Ext-PC
√

ℚ
derivations. As a corollary of this theorem we get that the simulation from Theorem 4.7 does

not apply to Ext-PCℚ .

Theorem 4.12. Any Ext-PCℚ-derivation of

1 + G1 + . . . + 2
=−1G= = 0

from the equation
(1 + G1 + . . . + 2

=−1G=)2 = 0

requires size 2
Ω(=) .

Proof. The proof of this theorem essentially mimics the proof of Theorem 3.5 and consists of

two parts. First, we prove the following claim.

Claim 4.13. For any Ext-PCℤ-derivation of " · (1 + G1 + . . . + 2
=−1G=) = 0 from the equation

(1 + G1 + . . . + 2
=−1G=)2 = 0 where " ∈ ℤ \ {0} , the constant " is divisible by every prime number

less than 2
= .

Second, we apply Theorem 3.4 to prove that for every Ext-PCℚ-derivation of (1 + G1 + . . . +
2
=−1G=) = 0 from the equation (1 + G1 + . . . + 2

=−1G=)2 = 0 there is an Ext-PCℤ-derivation of

"

1

1
· · ·"
:

:
· (1 + G1 + . . . + 2

=−1G=) = 0 from the equation (1 + G1 + . . . + 2
=−1G=)2 = 0 where

"8 ∈ ℤ , "8 ≠ 0 , and the "8 are denominators from the original Ext-PCℚ-derivation. Then

"1 · · ·": is divisible by all prime numbers less than 2
=
and thus the size of the original

Ext-PCℚ-derivation is 2
Ω(=) .

Proof of Claim 4.13. Assume that'1 , . . . , 'C is anExt-PCℤ-derivation of" ·(1+G1+. . .+2
=−1G=) =

0 from the equation (1+ G1 + . . . + 2
=−1G=)2 = 0 . Then '1 , . . . , 'C is a PCℤ-derivation from some

set

Γ′ = {�(®G), �1(®G), . . . , �=(®G), H1 −&1(®G), . . . H< −&<(®G, H1 , . . . , H<−1)} ,
where �(®G) = (1 +∑=

8=1
2
(8−1)G8)2, �8(®G) = G2

8
− G8 , &8 ∈ ℤ[®G, H1 , . . . , H8−1] and 'C = " · (1 + G1 +

. . . + 2
=−1G=) .
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Now consider an arbitrary integer 0 ≤ : < 2
=
and its binary representation 11 , . . . , 1= . Then

�(11 , . . . , 1=) = (: + 1)2 , �8(11 , . . . , 1=) = 12

8 − 18 = 0.

Also consider integers 21 , . . . , 2< such that 28 = &8(11 , . . . , 1= , 21 , 22 , . . . , 28−1) . Now we prove

by induction that every integer '8(11 , . . . , 1= , 21 , . . . , 2<) is divisible by (: + 1)2 and thus " is

divisible by every prime number less than 2
=
since 1 + 11 + . . . + 2

=−11= = : + 1 .

Base case: if 8 = 1 , then

'8 = �(11 , . . . , 1= , 21 , . . . , 2<) = (: + 1)2

or

'8 = �8(11 , . . . , 1= , 21 , . . . , 2<) = 0

or

'8(11 , . . . , 1= , 21 , . . . , 2<) = 28 −&8(11 , . . . , 1= , 21 , . . . , 28−1) = 0 ,

which means that '8 is divisible by (: + 1)2 .
Induction step: suppose we know that ' 9 is divisible by (: + 1)2 for any 9 ≤ 8 . Now we

show it for '8+1 . There are three cases:

1. If '8+1 ∈ Γ′ , then this case is equivalent to the base case and '8+1(11 , . . . , 1= , 21 , . . . , 2<) is
divisible by (: + 1)2 .

2. If '8+1 = 
' 9 + �'B for 
, � ∈ ℤ and 9 , B ≤ 8 , then '8+1(11 , . . . , 1= , 21 , . . . , 2<) is divisible
by (: + 1)2 because ' 9(11 , . . . , 1= , 21 , . . . , 2<) and 'B(11 , . . . , 1= , 21 , . . . , 2<) are divisible by
(: + 1)2 and 
 and � are integers.

3. If '8+1 = G 9'B or '8+1 = H 9'B , then '8+1(11 , . . . , 1= , 21 , . . . , 2<) is divisible by (: + 1)2
because 'B(11 , . . . , 1= , 21 , . . . , 2<) is divisible by (: + 1)2 and 18 and 28 are integers.

Since every '8(11 , . . . , 1= , 21 , . . . , 2<) is divisible by (: + 1)2 , we know that

'C(11 , . . . , 1= , 21 , . . . , 2<) = " · (: + 1)

is divisible by (: + 1)2 . Then " is divisible by : + 1 and thus " is divisible by every prime

number less than 2
= . �

Now assume that '1 , . . . , 'C is an Ext-PCℚ-derivation of size ( from an arbitrary set of

equations Γ ⊂ ℤ[®G] where 'C = 1 + G1 + . . . + 2
=−1G= . Then we know that '1 , . . . , 'C is a PC

√

ℚ

refutation of a set Γ′ = Γ ∪ {H1 − &1(®G), . . . , H< − &<(®G, H1 , . . . , H<−1)} where &8 ∈ ℚ[®G, ®H] .
As in Theorem 3.4, we consider all products of denominators of polynomials &8 , '8 and all

denominators in linear combination derivations (derivations of the form 
' 9 + �'B). Let us
denote those constants by )8 . We know that

∏
)8 ≤ 2

$(() . From Theorem 3.4 we know that

there is an Ext-PCℤ-derivation '
′
1
, . . . , '′

5
from the set Γ for which '′

5
= )


1

1
· · ·)
A

A 'C , where


8 ∈ ℕ ∪ {0} .
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Then we can consider

Γ = {(1 + G1 + . . . + 2
=−1G=)2 = 0, G2

1
− G1 = 0, . . . , G2

= − G= = 0},

and we know that for every Ext-PCℚ-derivation of 1 + G1 + . . . + 2
=−1G= = 0 from the equation

(1+G1+ . . .+2
=−1G=)2 = 0 of size ( there is an Ext-PCℤ-derivation of" · (1+G1+ . . .+2

=−1G=) = 0

from the equation (1+G1+. . .+2
=−1G=)2 = 0where" = )


1

1
· · ·)
A

A and)1 · · ·)A ≤ 2
$(() .However,

from Claim 4.13 we know that" is divisible by all prime numbers less than 2
= . Then )


1

1
· · ·)
A

A

is divisible by all prime numbers less than 2
=
which means that )1 · · ·)A is divisible by all prime

numbers less than 2
= . Then 2

2
Ω(=) ≤ )1 · · ·)A ≤ 2

$(()
which means that ( ≥ 2

Ω(=) . �

5 Open Problems

1. Theorem 4.7 says that Ext-PC
√

ℚ
p-simulates any Res-Lin derivation. However, from

Theorem 4.12 we know that the simulation from Theorem 4.7 does not work for Ext-PCℚ .

Is the square root rule necessary, that is, can we p-simulate Res-Lin refutations in the

Ext-PCℚ proof system?

2. A major question is whether it is possible to apply the technique from Section 3 to prove

an exponential lower bound on the size of refutations of a CNF formula even in a weak

extension of Polynomial Calculus such as ΣΠΣ-PCℤ .

3. Theorem 4.9 says that any Res-Lin refutation of BVP= requires size 2
Ω(=) . Does an expo-

nential lower bound on the size of Res-Lin refutations imply an exponential lower bound

on the number of lines in Res-Lin refutations? Do we necessarily need large coefficients in

some Res-Lin refutations with a small number of lines? Or is it the case that if there is a

Res-Lin refutation with a small number of lines, then there is a Res-Lin refutation with a

small number of lines and small coefficients?
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