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YAROSLAV ALEKSEEV

1 Introduction

In essence, the study of propositional proof complexity started with the work of Cook and
Reckhow [10], which states that if there is a propositional proof system in which any unsatisfiable
formula F has a short proof of unsatisfiability, then NP = coNP . In the same work Cook and
Rechow introduced a notion of p-simulation: a proof system A p-simulates a proof system B if
every tautology has a proof in A of size at most polynomially larger than in its shortest proof in
B. The first superpolynomial bound on the proof size was proved in pioneering work by Tseitin
[34] for regular Resolution. Since then, many proof systems have been studied, some of them
are logic-style (working with disjunctions, conjunctions, and other Boolean operations) and
some of them are algebraic (working with arbitrary polynomials).

In this article we consider extensions of two systems, an algebraic one and a logic-style one.

1.1 Logic-style systems

As mentioned before, the first superpolynomial lower bound on the proof size was proved in
a paper by Tseitin for regular Resolution, which is a popular logic proof system. This proof
system operates with the disjunctions of variables and their negations and utilizes the following
inference rule:
AVx BVx
AVB

Later, Haken [15] proved an exponential lower bound on the size of (unrestricted) Resolution
refutation of the pigeonhole principle (PHP), expressing that there is no (total) injective map
from a set with cardinality m to a set with cardinality n if m > n .

Since then, stronger logical proof systems such as Frege systems

have been considered. Unlike the Resolution proof system, a Frege proof system operates
with formulas over Boolean variables and uses some sound and implicationally complete set of
inference rules. Exponential lower bounds for low-depth Frege proof systems have been known
for decades [1, 5, 17]. However, the situation with the proof systems of greater depth is much
worse.

1.2 Resolution with counting

Another approach to strengthening Resolution is to use weak extensions in order to do some sort
of counting. Res-Lin (defined in [29]) is a system working with disjunctions of linear equations
over a fixed field ! and can be viewed as a generalization of Resolution. In the present paper we
consider the Res-Lin system over Q.

This system utilizes the following inference rule:

AV (L1 =0) BV(L;=0)
AVBV (aLy +BLy=0) ’

1Usually Res-Lin is defined over Q, but arbitrary finite fields have also been considered.
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where A= (L2 =0) V(L3 =0)V---V(Ly =0),B=(L;=0)V(L; =0)V---V (L, =0), «and B
are any constants and each L; and L] is an affine form over the initial Boolean variables.

No superpolynomial lower bounds are known for the size of refutations of CNF formulas in
(DAG-like) systems that work over disjunctions of equations or disjunctions of inequalities (see
[21] as the first paper defining these systems and containing partial results). Part and Tzameret
[24] proved an exponential lower bound for (DAG-like) Res-Lin refutations over Q for the binary
value principle BVP,, . Although this is the first exponential lower bound for this system, the
instance does not correspond to a translation of any CNF formula.

Itsykson and Sokolov [20] considered another extension of the Resolution proof system,
named Res(®), that operates with disjunctions of linear equalities over F,, and proved an
exponential lower bound on the size of tree-like Res(&)-proofs.

1.3 Algebraic proof systems

Algebraic proof systems such as Nullstellensatz have been developed to use algebraic techniques
of Razborov and Smolensky [30, 32] in proof complexity. Lower bounds for algebraic systems
started with an exponential lower bound for the Nullstellensatz [4] system. The main system
considered in this paper is based on the Polynomial Calculus system [9], which is a dynamic
version of Nullstellensatz. Many exponential lower bounds are known for the size of Polynomial
Calculus proofs for tautologies like the Pigeonhole Principle [31, 19] and Tseitin tautologies
[6]. While most results concern the representation of Boolean values by 0 and 1, there are also
exponential lower bounds over the {-1, +1} basis [33].

However, simple algebraic proof systems such as Nullstellensatz and Polynomial Calculus
cannot efficiently simulate strong logic systems like Frege systems (since there is a polynomial-
size Frege refutation of the Pigeonhole Principle, see [10] for example) and thus cannot provide
lower bounds for these systems. In order to fix this issue, strong extensions have been considered:
Grigoriev and Hirsch [13] considered algebraic systems over formulas. Following Pitassi’s ideas
[25, 26], Grochow and Pitassi [14] formally defined the Ideal Proof System, IPS, which can
be considered as the version of Nullstellensatz where all polynomials are written as algebraic
circuits.

Many other extensions of Polynomial Calculus and Nullstellensatz have also been considered.
Buss, Impagliazzo, Krajicek, Pudldk, Razborov and Sgall [7] showed that there is a tight
connection between the lengths of constant-depth Frege proofs with MOD), gates and the length
of Nullstellensatz refutations using extension axioms. Impagliazzo, Mouli and Pitassi [18]
showed that a depth-3 extension of Polynomial Calculus called XITX-PC p-simulates semantic
CP* (an inequalities-based system, Cutting Planes [11, 8] with coefficients written in unary) over
Q. Also, they showed that a stronger extension of Polynomial Calculus, called Depth-k-PC,
effectively? p-simulates Cutting Planes and another inequalities-based system, Sum-of-Squares
(for a survey about this proof system see [12]); the simulations can be conducted over [, for
an arbitrary prime number p if m is sufficiently large. However, the question about proving a

2Effective p-simulation was introduced by Pitassi and Santhanam [27] and can be viewed as a weaker version of a
usual p-simulation.

THEORY OF COMPUTING, Volume 22 (4), 2026, pp. 1-29 3


http://dx.doi.org/10.4086/toc

YAROSLAV ALEKSEEV

superpolynomial lower bound even on the size of ZITX-PC refutations over any field remains
open since it is not clear how to extend lower-bound techniques such as size-degree tradeoff to
this system.

1.4 Our results

We extend Polynomial Calculus with two additional rules. One rule allows us to take a square
root (this was introduced by Grigoriev and Hirsch [13] in the context of transforming refutation
proofs of non-Boolean formulas into derivation proofs; our motivation to take square roots is to
consider an algebraic system that is at least as strong as Res-Lin even for non-Boolean formulas,
see below). Note that while fields such as the rational numbers are not closed under square
roots, we define the square root derivation rule such that it applies only to polynomials that are
the square of another polynomial.

Another rule is an algebraic version of Tseitin’s extension rule, which allows us to introduce
new variables that are equivalent to arbitrary depth algebraic circuits. We will denote our
generalization of Polynomial Calculus as Ext-PCV . Note that Ext-PCV p-simulates Extended Frege
system (since Ext-PCY p-simulates Extended Resolution and Extended Resolution p-simulates
Extended Frege [22]), but it is not obvious how to p-simulate IPS refutations in Ext-PCV (since
IPS refutation polynomials are written as algebraic circuits and Ext-PCV refutations are written
explicitly as a sum of monomials).

In this article we give a partial positive answer to the question raised in [18] asking for a
technique for proving size lower bounds on Polynomial Calculus without proving any degree
lower bounds. However, since our lower bound heavily utilizes the divisibility of integers, it
works only over Q (by reduction to Z) and the question about proving lower bounds over finite
fields remains open. Also, we give a partial answer to another question raised in [18] by proving
an exponential lower bound for the system with an extension rule even stronger than that in
LIIX-PC, which is another extension of Polynomial Calculus presented in [18].

Finally, most lower bounds for algebraic and semialgebraic proof systems (see [31, 19], for
example) measure the size of the polynomial as the number of monomials in it. In this article
the size measure of the refutation is different and possibly weaker, but more natural in terms of
Cook and Reckhow proofs. We prove an exponential lower bound on the number of bits we need
to encode an Ext-PCV-refutation. Obviously, an exponential lower bound on the number of
monomials in a refutation implies an exponential lower bound on the bit-size of the refutation.
However, it is not known, whether the opposite direction is true (for example, for some of the
weaker systems such as Sum of Squares, the opposite direction is not true [23, 28, 16]).

We consider the following subset-sum instance, called Binary Value Principle (BVP,,) [3, 24]:

T+x14+2x+...+2" %, =0,

x%—xle, x%—xz:O, e, x%—xn:O.

and prove an exponential lower bound for the size of Ext—PCé refutations of BVP,, . Note that the
Binary Value Principle does not correspond to the translation of any polynomial-size CNF formula
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and thus the question about proving size lower bounds on the refutation of CNF formulas
without proving degree lower bounds remains open. This also means that an exponential lower

bound for Ext—PCq\){ refutations of BVP,, does not imply superpolynomial lower bounds for any
logical proof system, such as Frege or Extended Frege.

Also note that, despite that Impagliazzo, Mouli and Pitassi [18] showed that Depth-k-PC
effectively p-simulates Sum-of-Squares, it also does not give an alternative lower bound for
Sum-of-Squares since the effective p-simulation can lead to an exponential blow-up for formulas
such as BVP,, . Moreover, it is easy to see that there is a polynomial-size refutation of BVP, in
the Sum-of-Squares proof system.

Theorem 1.1. Any Ext-PCq\Q{ refutation of BVP,, requires size 2(") .

The technique we use for proving this lower bound is similar to the technique for proving
the conditional IPS lower bound in [3]. However, since the Ext-PC proof system is possibly
weaker than the Ideal Proof System , we get an unconditional lower bound. The main idea of
the conditional lower bound in [3] is to prove the complexity lower bound on the free term at
the end of the IPS-refutation of BVP,, over Z and then show that IPSz simulates IPSg . One
difference is that instead of concentrating on the complexity of computing the free term of the
proof, we concentrate on the prime numbers mentioned in the proof (and thus appearing as
factors of the free term).

In the last part of our paper we consider Res-Lin and show that Ext-PCg simulates Res-Lin
and thus get an alternative lower bound for Res-Lin.

Corollary 1.2. Any Res-Ling refutation of BVP,, requires size 22" .

Note that while Part and Tzameret [24] prove an exponential lower bound on the number of
lines in the proof, we only prove a lower bound on the proof size (essentially, on the bit size of
scalars appearing in the proof). So our result is not comparable to Part and Tzameret'’s.

1.5 Organization of the paper

In Section 2 we recall the definition of Polynomial Calculus (PC) and give the definitions of
Polynomial Calculus with square root (PCV) and Extended Polynomial Calculus with square
root (Ext—PC\/).

In Section 3 we prove an exponential lower bound on the size of Ext—PC?Q{ refutations of
BVP, . We start with considering derivations with integer coefficients (Ext-PC‘Z/) and show that
the free term at the end of such refutation of BVP,, is not just large but also is divisible by all

primes less than 2" (see Theorem 3.2). Then, in Theorem 3.5, we convert proofs over Q into
proofs over Z without changing the set of primes mentioned in the proof and thus get an

Ext-PCq‘J{ lower bound.

In Section 4 we show that Ext—PCé simulates Res-Lin and thus we get an alternative lower
bound for the size of Res-Lin refutations of BVP,, .
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1.6 Differences from the conference version

The main difference of this version from the conference version ([2]) is that Section 3 is rewritten
to make it easier to understand. Also, some explanations have been added in various sections.

2 Preliminaries

In this paper we are going to work with polynomials over the integers or the rationals. We define
the size of a polynomial roughly as the total length of the bit representation of its coefficients
(including the sign bit).

Definition 2.1 (Size of an integer and a rational number).

o (Integers) If z € Z is written in binary then Size(z) = 1 + [log(|z| + 1)] . If z is written in
unary then Size(z) = 1 + |z|. (In both cases, the initial “1+” accounts for the sign bit, or,
for z = 0, for the symbol “0”.)

e (Fractions) If p € Z and g € N then Size(p/q) = Size(p) + Size(q) — 1. (The “-1” is there
because we do not need a sign bit for the denominator and the denominator cannot be
Zero.)

e (Rationals) If » € Q then write r as p/q wherep € Z, g € N, and gecd(p,q) =1, and we
set Size(r) = Size(p/q) .

Definition 2.2 (Size of a polynomial). Let f be an arbitrary polynomial with integer or rational
coefficients, in variables x1, ..., x,, . We set

Size(f) = Z Size(a;)

where the a; are the coefficients of f (including the zero coefficients).
Following [9], we define the Polynomial Calculus proof system.

Definition 2.3 (Polynomial Calculus, [9]). Let I’ = {P1,...,Pu} C R[x1,...,x,] be a set of
polynomials in the variables x1, ..., x, over an integral domain R such that the system of
equations P; = 0,...,P, = 0 has no solution. A Polynomial Calculus refutation of I' is a
sequence of polynomials Ry, ..., R; where R; = M for some constant M € R\{0} and for every
lin{1,...,s}, R; € T or is obtained through one of the following derivation rules for j, k <[

e R =aR;j+pBRifora,f eR
o R; =x;Ry
The size of the refutation is };_; Size(R;) . The degree of the refutation is max; deg(R;) .
We now define Ext-PCg , a variant of PCg , where the proof system is additionally allowed to

introduce new variables y; corresponding to arbitrary polynomials in the original variables x; .
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Definition 2.4 (Extended Polynomial Calculus). LetI' = {Py,..., Py} C R[x1,...,x,] be a set
of polynomials in the variables x1, ..., x,, over a domain R such that the system of equations
P1=0,...,P,; =0hasno solution. An Ext-PCy refutation of I is a PCy refutation of a set

I" = {Pl,...,Pm,yl—Ql(xl,...,xn),
]/2_QZ(X1,~--;xn,yl),--~;]/m _Qm(xlz---,xn;ylz---/]/m—l)}

where the Q; € R[X, y1, ..., yi-1] are arbitrary polynomials and the y; are new variables.
The size of the Ext-PCr refutation is defined as the size of the corresponding PCr refutation
of I.

Following [18], we define the YI1X.-PCg proof system.

Definition 2.5 (XITX-PCgr, [18]). LetT = {Py,..., Py} C R[x1, ..., x,] be a set of polynomials in
the variables x1, ..., x, over a ring R such that the system of equations P1 =0, ..., P,, = 0 hasno
solution. A LITX-PCy refutation of I is a PCy refutation of asetI” = {P1,..., Py, Q1,...,Qu},
where Q; are polynomials of the form Q; = y; — (a;0 + 2, jaijx ;) for some constants a;; € R .

The size of the LITX-PCr refutation is defined as the size of the corresponding PCr refutation
of I'.

Now we consider a variant of the Polynomial Calculus proof system with additional square
root derivation rule (see [13]).

Definition 2.6 (Polynomial Calculus with square root). LetI' = {Py,..., Py} C R[x1,..., xy]
be a set of polynomials in the variables x1, ..., x, over an integral domain R such that the
system of equations P; = 0, ..., P, = 0 has no solution. A PCI\{/ refutation of I is a sequence
of polynomials Ry, ..., Rs where Ry = M for some constant M € R, M # 0 and for every [ in
{1,...,s}, R; €T or is obtained through one of the following derivation rules for j, k < [

° RI:aRj+,8kaora,,8€R
e R;=x;Ry forsomei€ {1,...,n}

. R12 = Ry (which means that we can take square root of a polynomial if and only if it is a
square of some other polynomial)

The size of the refutation is };_, Size(R;) , where Size(R;) is the size of the polynomial R; . The
degree of the refutation is max; deg(R;) .

Remark 2.7. Usually, the Polynomial Calculus proof system is defined over algebraically closed
fields, since the completeness of Polynomial Calculus is based on the Nullstellensatz theorem.
In our work, we consider Polynomial Calculus and its extensions over the rings Q or Z . For
both of these rings, if we consider the Boolean case, where we add the axioms x? —x; =0, our

system is complete (see [9, 3] for Q and Z), which means that for every system of equations

{fi(¥) = 0} unsatisfiable over {0, 1} assignments there is a PCI\{/ refutation. Also, note that if R is
an integral domain and P? = 0 for some P € R[¥], then P = 0. This gives us the soundness for

the PCI‘{/ proof system over the integral domain R .
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Definition 2.8 (ZHZ—PCI\{/ , Ext-PCI\{/). The proofs in ZHZ—PCI\! and Ext—PCI‘{/ are defined in the

same way, as in Definitions 2.5 and 2.4, but instead of PCg derivations we consider the PCI\{/
derivations. The size of the refutation is defined the same way as in Definitions 2.5 and 2.4.

It is easy to see that XITX.-PCr can be polynomially simulated in Ext-PCg and ZHZ—PCX can
be polynomially simulated in Ext—PCI‘Q/ .

3 Lower bound

In order to prove the lower bound for the EXt-PCE}{ proof system (Theorem 3.5), we consider the
following subset-sum instance [3, 24]:

Definition 3.1 (Binary Value Principle BVP,). The binary value principle over the variables
X1,...,%n , BVP, for short, is the following unsatisfiable system of equations:

T+x1+2x0+...+2"x, =0,
x%—xl =0, x%—xQ:O, R x,%—xn =0.

As mentioned in the Introduction Part and Tzameret [24] proved an exponential lower
bound for DAG-like Res-Lin refutations over Q for BVP,, . Also, it is known that if the Ideal Proof
System admits a polynomial-size refutation of BVP,, , then with some assumptions, the Ideal
Proof System over Z is polynomially equivalent to the Cone Proof System over Z , where the
Cone Proof System is a semi-algebraic proof system operating with circuits (see [3]). However,
under the Shub-Smale conjecture, BVP,, requires superpolynomial-size refutation in the Ideal
Proof System (also see [3]).

It was also mentioned in the Introduction that the technique we use for proving the lower
bound is similar to the technique for proving the conditional IPS lower bound in [3]. The lower

bound on the size of the Ext-PCé refutation of BVP,, consists of two parts:

o In the first part we prove an exponential lower bound on the number of different prime

factors of the constant at the end of an Ext—PC%/ refutation of BVP,, . The technique used
to prove this lower bound is similar to the technique used to prove the conditional IPSz
lower bound.

e In the second part we transform an Ext—PC%/ refutation of BVP,, into an Ext—PC?Q{ refutation
of BVP,, in order to get the lower bound over the rationals. This part is slightly different
from the corresponding transformation of IPSz into IPSq from [3].

3.1 Lower bound over the integers

In this section, we prove that the constant at the end of an Ext-PC\Z/ refutation of BVP,, is
divisible by all prime numbers less than 2" . This fact instantly gives us a lower bound for integer
refutations and in the next section, we will use this fact to prove the lower bound over rationals.
Formally, we prove the following theorem:

THEORY OF COMPUTING, Volume 22 (4), 2026, pp. 1-29 8
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Theorem 3.2. The constant at the end of any Ext—PC‘Z/ refutation of BVP,, is divisible by every prime
number less than 2" , therefore any Ext—PC‘Z/ refutation of BVP,, requires size ()(2") .

Proof. Assume that Ry,...,R; is an Ext-PC‘Z/ refutation of BVP,,. Then Rq,...,R; is a PC%/
refutation of some set of polynomials

1—‘, = {G(J_C))/ Fl(f)/ oo /FH(J_C))/ yl - Ql(f)/ oo ym - Qm(f/ yll ey ym—l)} 7

where G(X) =1+ Y1, 20Dy, Fi(%) = x? —xjand Q; € Z[X, 1, ..., Yi-1]-

By the definition of an Ext-PC\Z/ refutation there exists an integer constant M # 0 such that
Rt =M.
Claim 3.3. M is divisible by every prime number less than 2" .
Proof of claim: Consider an arbitrary integer 0 < k < 2" and its binary representation by, ..., b, .
Let k +1be prime. Then G(by,...,b,) =k+1,Fi(b1,...,bn) = bl.2 —b; = 0. Also consider integers
c1,...,cmsuch that c; = Qi(b1,...,bu,c1,c2,...,ci—1) . Now we prove by induction that every
integer R;(b1,...,by,c1,...,cy) is divisible by k + 1 and thus M is divisible by every prime
number less than 2" .

Base case: if i = 1, then

R—G(bl,... n,C],...,Cm)=k+l
or
Ri:Fi(bl,...,bn,cl,...,cm):0
or
R(b1,... n,C1,...,Cm)=C1 Q(bl,... n,C1,...,Ci_1)=0
which means that R; is divisible by k + 1.

Induction step: suppose that R; is divisible by k + 1 for any j < i . Now we show it for R;1 .
There are four cases:

1. If R;41 € I, then this case is equivalent to the base case and R;+1(b1, ..., by, C1,..., ) is
divisibleby k + 1.

2. If Rjy1 = aR; + BR; for a, e Zandj,s <i,then Rl+1(b1, eo.,by,c1,...,cp)is divisible
by k +1 because Rj(b1,..., by, c1,...,Cm) and Rs(b1,...,bu,c1,...,cm) are divisible by
k+1and a and f are mtegers

3. If Rjy1 = x]RS or Rijy1 = yjRs , then Rj11(b1, ..., by, c1, ..., cp) is divisible by k + 1 because

Rs(b1, ..., by, c1,...,cp)is divisible by k + 1 and b; and c; are integers.
4. If R12+1 =R, , then Ry(by,..., by, c1,...,cp)is divisible by k + 1. Suppose

Rit1(b1,...,bu,c1,...,cm) is not divisible by k + 1. Then Ri41(b1, ..., by, c1,...,cm)* is
not divisible by k + 1 since k + 1 is prime. But

1{1‘+1(b1/'"/bl/lrcll"'/cm)2 = Rs(bll" '/bl’llcl/- --/Cm)/

which leads us to a contradiction.
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Since every R;(b1,..., by, c1,...,cy)is divisible by k + 1, we conclude that
M = Rt(bl,...,bn,Cl,...,Cm)

is divisible by every k + 1 less than 2" , and in particular M is divisible by every prime number
less than 2" .

So M is divisible by the product of all prime numbers less than 2" . Then [M| > (n(2"))!
where 11(2") is the number of all prime numbers less than 2" . By the prime number theorem
m(2") > C12- for some constant C1 > 0. By Stirling’s approximation we get for some constants
Cy,C3,Cy4 > 0 that

271

271 211 Cl% Y 13- .,
M| > (Clg)!>C2'(C18 n) > Cs (27) >C3,2(2 C4),

which means that M consists of at least Cs - 2" bits and therefore any Ext-PC‘Z/ refutation of BVP,,
requires size (2(2"). O

3.2 Lower bound over the rationals

In order to prove a lower bound over Q , we need to convert an Ext—PC?Q{ proof into an Ext—PC\Z/
proof. The key idea of this translation is that we can create an Ext-PC‘Z/ proof in which the
constant at the end is a product of some constants occurring in the original Ext—PCq\Q{ refutation.
Since the constant at the end of the Ext-PC‘Z/ refutation is divisible by all prime numbers less

than 2" , we get a lower bound on the size of constants occurring in the Ext-PCé refutation and
hence on the size of the refutation itself.
In this translation we try to multiply every line of an Ext—PCé refutation by some constant to

get a correct Ext—PC‘Z/ refutation. However, there is an obstacle to this approach: we need to

somehow convert the Ext—PCG\Q{ extension variables encoding polynomials over Q into extension
variables encoding polynomials over Z . With this transformation, the bit size of the constants in
our derivation can increase exponentially. For example, assume that we have extension variables
of the form

X
N1= 5 Y=Y Yn = Yy

These extension variables can be transformed naturally into a sequence of extension variables
such that y’ = C - y; for some constant C:

ViEX Y=Y Yn = Yy
Then, if we have a line in an Ext—PCG\Q{ derivation of the form, for example
2 _
Yn = Yn-1+x =0,

THEORY OF COMPUTING, Volume 22 (4), 2026, pp. 1-29 10
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it would be transformed into

1,V 1,
22”y" —22?}/,1_1+x:0,

which has an exponential bit size. The main purpose of the next theorem is to deal with this
obstacle.

Theorem 3.4. Suppose we have an Ext—PCé derivation Ry, ..., Ry from some set of polynomials,
I'={f,..., fu} C Z[X]. Also, suppose R; € Q[X], which means that R; does not depend on newly
introduced variables.

Then there is an Ext—PC‘Z/ derivation R’l’, e, R;’, from I, where

R} = 5;1...5161 -Li’” ...Lflﬂ Ry,

and

® C1,Cy,...,Cly Are some non-negative integers.
e Each L; € N is the product of all denominators in the coefficients of R; .

e The set of constants {01,02,...,01} C N is the set of all denominators of the constants in
1,72, -, 1} where {y1, 2, ..., v1} C Qs the set of all constants o and B occurring in linear
combination derivations in our proof. This means that some R;(X, i) was derived by using the
linear combination rule with the constants a and f , or in other words, R; = aR; + BRy for some
previously derived polynomials R; and Ry .

Assuming the theorem above, we can easily prove the lower bound on the size of BVP,,
refutations in Ext-PCé .

Theorem 3.5. Any Ext—PCé refutation of BVP,, requires size ()(2") .

Proof. Consider any Ext—PCG\Q{ refutation of BVP,, of size S . By Theorem 3.4, there is an Ext—PC\Z/
refutation of BVP,, such that the constant at the end of this refutation is equal to 6" - - 6;’ .

L{* .-+ L;"*" - M where M is the constant at the end of the original Ext—PC?Q{ refutation. Suppose

that M = %, where p € Z and q € N. Then, by Theorem 3.2, 61 ---6," - L{"*" ---L;""" - p is
divisible by every prime number less than 2" . Since 61,...,06;, L1, ..., L; are positive integers,

01-+-67-Ly--- Ly - pis divisible by every prime number less than 2" . Also,
log[61] + - +1og[6/] +log[L1] + - -- + log[L:] + log[p] < O(Size(S)),

because all the constants Ly, ..., L; are products of denominators in the lines of our refutation
R4, ..., R; and the constants 01, ..., 0; are denominators of rationals in linear combinations

used in our derivation.
On the other hand,

(51-~-(51~L1--~Lf~;72229(71),

since our product is divisible by every prime number less than 2" . Then S > 29", O
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Now we prove Theorem 3.4.

Proof of Theorem 3.4. Since Ry, ...,R; is an Ext-PCq‘J{ derivation from I', Ry,...,R; is a PC;J{
derivation from some set I = TU{y1 —Q1(X), ..., Ym—Qm(X, y1,- .., ym-1)} where Q; € Q[X, i].
Our plan is:

e In Claim 3.6 we construct an Ext-PC?Q{ derivation R}, ..., R; from Ry, ..., R; that uses
extension variables y; encoding polynomials over Z .

e Given the derivation R},..., R}, we construct by induction an EXt-PC%/ derivation
RY,...,R7, using the same extension variables.

Consider integers Mj, ..., M, where each M; is equal to the product of denominators of
all coefficients of polynomial Q; . We can assume that {M;, ..., M,,} is a subset of {L1, ..., L}
since all the polynomials y; — Q; should occur in our derivation.

Now we construct the Ext-PC\Z/ derivation from I such that the polynomial at the end of this
derivation is equal to

Mfl . M;z .. M;{” . 6im+1 .. 6ICm+I . Lim+l+1 .. L;m+l+t . Rt ,

where {c1,¢2,...,Cma1st} € NU{0}.

First, we translate polynomials Q; into integer polynomials Q’ . Consider Q}(X) = My - Q1(¥)
where M is equal to the product of denominators of all coefficients of the polynomial Q1 . Then
Qp € Z[X] and T1 = M . Then consider Q}(¥,y;) = T2 - Q2(X, y—i) where T is equal to """ - M
and a1 is a non-negative integer chosen so that Q’, € Z[X, y;]. Then for every i we consider

= A yi_ a; a; i
Q;(x/yi/"-/y;_l) = T; : Qi(x/ T;//:T;) Where’]—% = Tl i 'T2 12""1—;_111 ! Ml and Xil,...,Aij-1

are non-negative integers chosen so that Q’ € VAES Yi,---,Y._,]. Note that we are not interested
in the size of the integers «;; , so they can be arbitrarily large.

Now we construct a PC;:!{ derivation R/, ..., R} from the set I =T U {y; — Q1(X), ... y;, —
Qn(X,y;,...,y,, )} of the following form: this derivation duplicates the original derivation
Ry, ..., R; in all cases except when the polynomial R; was derived by multiplying by some
variable y; from some polynomial Ry . In this case we multiply the corresponding polynomial
by y; and then multiply it by %] .

Formally, we prove the following claim:

Claim 3.6. There is a PCE){ derivation R, ..., R from the set
I =TU{y; —Q1(X),...yn — Qn(X, v, ...,y _,)} for which the following conditions hold.

e For every polynomial R'(X, yy, ..., Yyy,) one of the following equations holds: either

RiX,y1-Ti, .., Ym - Tw) = Ri(X, y1, ..., Ym) for some j

or
RiZ,y1-Th, ., Ym  Tw) = Tk - Rj(X, y1, ..., Ym) for some k and j.
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o IfRUX,y,, ..., yy,) was derived from R;.(J_c’, Yy Ym) and R(X, y1, . .., Ym) by taking a linear
combination with rational constants o and B (which means that R = ocR} + BR}), then one of the
two conditions holds:

- a:Tl—fand,B:Oforsomef.

— There is some polynomial Ry,(X,y;, ..., yy,) which was derived from some polynomials R,
and R; by using linear combination with constants o and  (Ry, = aR, + pRy).

o The last polynomial R; satisfies the following polynomial equation:

R;(xll---/-xn/Tl 'yll---/Tm yi’l’l) :Rt(xlz---,xn/]/l;---/]/m)-

Proof of Claim 3.6. We construct the PC?){ derivation R, R, ..., R; of the set I’ by induction.

Induction statement: Let R{,...,R; be a PCQ‘Q{ derivation from I”. Then there exists a PCé
derivation R}, ..., R;, from I'” such that

o p<2i.
e Forevery Rj(x1,...,Xn, Y1,...,Ym) there exists an R;{(xl, ceesXn, Y1, Yp) such that

R;c(xlz---/xnle‘]/1;---/Tm ‘]/m):Rj(xll---zxn/]/lz---/]/m)-

o All the properties, except the last one, mentioned in the claim are true for our derivation
R!,...,R.
17 7 \p

e The last polynomial R; satisfies the following polynomial equation:

R;,(xl,...,xn,Tl~y1,...,Tm “Ym) = Ri(x1, .., X0, Y1, Ym)-

Base case: 1f i = 1then R; € I” . If R; € T then we can take R} = Ry . Otherwise, if R; = y; — Q;(X)

Yi=Qi(E. Y1)
Tj

then we can take R} = y]’. - Q;(J_f, Yireeny y]’._l) and R} = . Then it is obvious that

RyZ,Ti-yi,- T Ym) = Ri(X, y1, ..., Ym)-

Induction step: Suppose we have already constructed the PC;J{ derivation R}, Rj, ..., R}, for
which the induction statement is true. Now we have five cases depending on the way the R, is
derived.

Case 1: If R;;1 € I” then this case is equivalent to the base case of induction.

Case 2: If Rj11 = aR; + R, then R;H = aR;., + BR’, where

R;'/(xlr---/xanl'yll---/Tm ‘]/m):Rj(xlz---,xn;]/lz---/]/m)
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and
R;/(x1/-~'/xn/T1 : ]/1/~~ '/Tm : ]/m) = Rl(xll‘ ~-/xn/y1/~--/ym)~

Case 3: If Rj;1 = x7 - R; then R;+1 =X R;., where
R;'/(xll"'/xn/Tl 'y1/-~~rTm ‘]/m) :Rj(x1/~-~/xn/y1/-~~/ym)-

Case 4: If Rfﬂ = R; then we take

’

Y1 %

R;H(Jq,...,xn,yi,...,y;n)=Ri+1(x1,...,xn,ﬁ,...,Tm .

By the induction statement
Ri(x1,. .. Xn, Y1, Ym) = R;.,(xl,...,xn,Tl Y T Y,

for some R;., . Thus

ooy
Rj(xl""’x”’ﬁ""’ﬁ) = R;.,(xl,...,xn,yi,...,y,’ﬂ).
So
i Y
R;;+1(x1/ e X Y Y = Risa(x, ., X, T T—:n")z
B Y
= R]'(xl,...,Xn; ﬁ,...,ﬁ = R},(xl,...,xn,yi,...,y,%)
and R’ . is derived from R’, .
p+1 ]
R/
Case 5: If R;y1 = y; - R; then let R;7+1 = y; . R;., and R;;+2 = %” where R;.,(xl,...,xn,Tl .
]/1/-~~/Tm ‘]/m) = Rj(xln-'/xn/yl/u-/ym)'
It is easy to see that in all these cases the induction statement stays true. m|

Now we will show that I'"” has a PC‘Z/ derivation in which the polynomial at the end is equal

to

c c c
Mi'l . M;z . M;m . 5f13m+1 .. 6lm+l . le+l+1 .. Ltm+l+t . Rt-

To do this we fix a PCG\Q{ derivation R}, ..., R} from I'"” with the properties from the Claim 3.6
and construct a PC‘Z/ derivation from I’ by induction. Moreover, we construct a PC‘Z/ deriva-
tion R, ..., RY in which every polynomial R} is equal to M'{l1 : Mgz MO 67’"“ e 67'”*’ :
Llf”’*’” e Lf’””“ - R} for some non-negative integers d, . . ., dy+1++ and some polynomial R’ .
Informally, we multiply each line in our PC&{ derivation by some constant to get a correct

PC‘Z/ derivation. However, we cannot just multiply all the lines in a PCS derivation R}, ..., Rg
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by the same constant and get a correct PC‘Z/ derivation. This happens because we can use

the linear combination rule in the PC&{ derivation with rational coefficients, while in PC%/
derivations we can only take a linear combination with integer coefficients. To overcome this

issue, we duplicate the original PCé derivation R/, . .., R} multiplied by some constant of the

form Miﬁ : MSZ coe M 6?'"“ T 67"’” : L’lj"”’*1 e Lf’"*’” every time we would like to simulate a

derivation in the original proof.
Induction statement: Let R}, ..., R; be a PC;J{ derivation from I"”” with the properties from the

Claim 3.6. Then there exists a PC\Z/ derivation RY, ..., R}ﬁ from I'” such that

° fSZiz.

e There is a constant F; = Mi“ . Mé’z oMb 61{'"“ e 6?"’” . Ll;'””“ e Lf”’”“ € N such that

F;-R| =R"

Vi Fio Ry =R

Vv oo Fi-Ri=RY.

f

Base case: 1f i =1 then R; € I . Then we can take R’l’ = R; .

Induction step: Suppose we have already constructed the PC%/ derivation RY,R7, ..., R;ﬁ for
which the induction statement is true. Then there are four cases depending on the way the R/_,

is derived.
Case 1: If R;H € I'” then F;;1 = F; and

Rl/ — R/

f+1 i+1/
R}'+2 =Fit1- Ry,
R;Jrg, = Fi+1- R,
},+i+1 = Fis1- R;’
}/+i+2 =Fiy - R;+l
Case2: If R}, = xjRjor R} , = y]fR; then F;41 = F;,
R% = Fis1 - Ry,
R}'Jrz = Fiy1- R,
Ry, = Fio K
and RY, ;1 = RY ;) = Fir - Rl or RY = yiRY = Fin - RY,
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Case3: If R | = aR; + BR} where a = p1 and = P2 w1th {r1,91,p2,92} € Z, then we take
Fix1 = q1q2F;,
R’fl+1 1qz - R” _in1 = Fis1 - Ry,

R}' =q192 - R} 1o = Fis1 - R},

ceoy

R%,; = Mmq2- R} = FinR;

and le’+1+1 p1gz2 - R}’_iﬂ. + paq - R;j_Hk = Fi1R} ;. From Claim 3.6 we know that a = le for

some k and = 0, or g2 and 41 are equal to some 6, and 6, . From the induction statement

. — b1 . by . by . b+ - b+ . bin+i+1 ... bunsit
Fi= MMMz ply . gl b ) Lmstst,

Then, since Ty = M;”‘ S MR

/ v’ v v 4 v v
Fi+1 M M 2 . Mmm . 61m+1 . 6lm+l . L1m+l+1 ... Ltm+l+t,

and the induction statement stays true.
Case 4: Suppose Rl = R;. . We have that

yl Ym
R;+1(x1,...,xn,yi,...,y;n):Rk(x1,...,xn,ﬁ,...,ﬂ
or ,
y ’
R (X1, oo X, Yy, Ym) = T Re(en, .., X, ! ym)

?1/"~/E ’

for some /. Thenlet M’ = Ly - T, - T, - - - T;y" = Ly - Mfl . M;Z meff” for some non-negative
integers a1, ..., ay , such that M’ - R; .1 18 an integer polynomial. Such integers ay, ..., a,, exist
since Ly is the product of all denominators of coefficients of polynomial Ry .

Then let F;;1 = M’ - F; . It is obvious that F; - R; .1 1s an integer polynomial. Then we can

construct the following PC\Z/ derivation:

R// — FZ_(M/)Z R// (FiM/)Z . R},

f+1 f—i+j
R7,, =M -R% ;. =Fis- Ry,
Ry =M Ri 5 =Fin Ry,
R?+z+1 M- R}’ = FiaR.
” _ ’ ’ ” 2 ’ ” 2 _
Then we take Rf+1+2 F;M’- R, and since RfJr1 (FiM")~ - R we have that (R +Z+2) Rf+1

and we get a valid PCZ derivation.
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i P L MO M M
Since M’ = Ly - M;" - M, M,

4 b, v v b’ b’ b
Fi+1 — Mll . M22 .. Mmm . 61m+1 . 5lm+l . le+l+1 ... Ltm+l+t,

and the induction statement stays true.

So now we have a Ext—PC‘/ derivation from I such that the polynomial at the end of this
z poly
derivation is equal to M{" - M5 - - - M - 61" - - - 6;"”’ SLYm LR Also, from Claim 3.6,

R;(xll"‘/xanl 'yll"'/Tm 'ym):Rt(x1/-~-/xn/y1,~~/ym)~

However, since R; € Q[X], we have that R}(X) = R;(X) . Then we have constructed the Ext—PC\Z/
derivation from I in which the polynomial at the end equals M;" - M- - My - 5" -+ 5"+ -

L§m+l+1 . L:m+l+t . Rt . O

4 Connection between Res-Lin, Ext-PCé and Ext-PCqg

Following [29], we define the Res-Lin proof system. To simplify our calculations, we use the
following notation:

Definition 4.1 (Inner product notation). For a vector (a1, ...,a,) € R" we define <Ei X > to be the
following polynomial in the variables x1, ..., x;:

(d,%y = a1x1 + ...+ apxy .

Definition 4.2. A disjunction of linear equations is of the following general form:

(<5<1>,;> _ a<01>) Veeev (<ﬁ(t)’5g> _ a(()t)) (1)

where t > 0, R is an integral domain, and the coefficients are agj ) € Rforall0 <i <nand
1 < j < t. The semantics of such a disjunction is the natural one: an assignment of values
from R to the variables x1, ..., x, satisfies (1) if and only if there exists j € {1,...,t} so that the
equation ag] )xl +...+ a,(f Yy = aé] ) holds under the given assignment.

The next definition applies to disjunctions of linear equations either with integer or with
rational coefficients, and with the integers written either in unary or in binary. We refer to
Def. 2.1 for the size of integers and rationals, both in unary and in binary notation.

Definition 4.3 (Size of disjunction of linear equations). For a linear equation f : a;x1 +

-+ 4+ a,x, = ap with integer or rational coefficients, written in unary or in binary, we write

Size(f) = X}, Size(a;). For a disjunction g = f; V --- V f; of t linear equations, we write
. t .

Size(g) = Z]':1 Size(f;) .
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Definition 4.4. Let K := {Kj,...,K;;} be a set of disjunctions of linear equations over an
integral domain R . A Res-Ling proof from K of a disjunction of linear equations D is a finite
sequence 1t = (D, ..., D;) of disjunctions of linear equations over R, such that D; = D and
for every i € {1,...,1}, either D; = K; for some j € {1,...,m}, or D; is a Boolean axiom
(xp =0)V (x, =1) forsome h € {1,...,n}, or D; was deduced by one of the following Res-Lin
inference rules, using D; , Dy for some j, k < i:

e Resolution: Let A, B be two, possibly empty, disjunctions of linear equations and let L1,
L, be two linear equations. From A V L1 and B V L, derive A V B V (aL; + L) where
a,pER.

e Weakening: From a (possibly empty) disjunction of linear equations A derive AV L,
where L is an arbitrary linear equation over the variables x1, ..., x; .

e Simplification: From A V (k = 0) derive A, where A is a, possibly empty, disjunction of
linear equations and k € R \{0} is a constant.

e Idempotency rule: From AV LV L derive A V L, where A is a, possibly empty, disjunction
of linear equations and L is a linear equation.

Note that we assume that the order of equations in the disjunction is not significant, and we
explicitly contract identical equations.

A Res-Lin refutation of a collection of disjunctions of linear equations K is a proof of the
empty disjunction from K . The size of a Res-Lin proof 7 is the total size of all the disjunctions of
linear equations in 7.

If all coefficients in our Res-Linz proof 7 are written in unary then we call this proof system
Unary Res-Linz . Otherwise, in Res-Linz without further specification all coefficients are written
in binary.

Remark 4.5. In the original Res-Lin proof system (see [29]), duplicate linear equations can be
discarded from the disjunction. Instead, our definition uses the idempotency rule explicitly. It is
easy to see that these variants of the Res-Lin system polynomially simulate each other. Also, the

original Res-Lin proof system was defined only for disjunctions of integer linear equations.

Definition 4.6. Let D be a disjunction of linear equations:

-1) =\ _ @ > =\ _ ()
(<a(),x>—a0)\/---V(<a(),x>—a0).

We denote by D its translation into the following system of polynomial equations:

yl.yz...yt:O
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_ (=1 =2\ _ @)
y1—<a ,x> ay’,
_[=@ =2\ _ 2
y2—<a ,x> ay ",

“ ey

yr = <E(t),f> - aét)
If D is the empty disjunction, we define D to be the single polynomial equation1=0.

Now we prove that ZHZ-PCE}{ p-simulates Res-Lin and XITZ-PCq p-simulates Unary Res-
Linz .

4.1 ZHZ-PC;}{ simulation of Res-Liny

Theorem 4.7. Let © = (Dy, ..., D;) be a Res-Linz proof of D; from a collection of initial disjunctions of
linear equations Q1, . .., Qu over the variables x1, ..., x, . Also consider Ly, ..., Ly — all affine forms
that occur in the disjunctions in our Res-Linz proof sequence.

Then, there exists a PCQ\Q{ proof of D; from
A ) _ _ _ 2 _ 2 _
=L, yo=Ly, ...,y = T=X1,..,X, =
QU...VQmU{ni=Li,y2=Lo,...,yr =L} U{x] =x1,...,x; = x4}

of size at most O(p(Size(m))) for some polynomial p .

Proof. We proceed by induction on the number of lines in 7.

Base case: A Res-Linz axiom Q); is translated into Q; and the Boolean axiom (x; = 0) V (x; = 1) is
translated to xf —x;=0.

Induction step: Now we simulate all the Res-Linz derivation rules in PC?Q{ .

e Resolution: Assume that D; = AV BV (aL; + pL2) where Dj = AV Liand Dy =BV L.
Then, we have already derived polynomial equations
=(1) = (@) >(t) o (t))
y]-1=<a]. ’x>_”jo' yfff=<af]’x>_a10]’
]/kl = <ﬁ§(1)/ -7_5> - aglo)/ sy yktk = <ﬁ§{tk), .7_5> - a;:ok)/
Vit Yjp--Yit; =0, Y- Yk2 o Yky, =0

where
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Then we derive Vvt Yz Yy Yk2 s Yky = 0, yrk1-yj2--- Yit; - Yk2 - Yk, = 0 and thus
(ayj1 + Byk1) - Yjz* - Yjt; - Y2~ Yk, = 0. Then there is an equation y; = L; from the set
{yi =L1,y2 =Lo, ...,y = Lt} for which

Li=a (8", 7) - o)) +p (@), %) - ay)
Then we derive y; = ayj1 + By and y; - yjo - - - Yit; *Yk2 - Ykty = 0, which together with

the corresponding linear equations for y;, yj2, . . ., Yjtis Yk2, - - -, Yit, give Di.

e Weakening: Assume that D; = D; V L where L is a linear equation. Then, we have already
derived polynomial equations

(1) - (1) S(t) o (tj)
W1:<“1'x>_am"“'yﬁf:<%]'x>_“ﬁ'

yjr-Yjz- - Yjy; =0
There is a variable yo for which yo = b1x1 +... + b, x, — bp where L is a linear equation
bixi+...+byx, = bo. From yj1 - yjo- ~Yjt; = 0 we derive yo - yj1 - Yj2- Yy, =0, which

together with the corresponding linear equations for yo, yj1, Yj2,- - -, Yt ; gives us D;.

e Simplification: Suppose that D; = Aand D; = AV (k = 0) where k € Z, k # 0. Then, we
have already derived polynomial equations

(1) = (1) (-1 o (t-1) _
]/j1=<a]- /x>_a]‘01 '~'/yjtj—1=<a]'] /x>_a]‘0] 7 y]t]_k/
yir - Yz Yjty = 0-
From equation yj1 - yj2 - yj;; = 0 we can derive equation yj1 - ¥j2 - - - Yjt;-1 - k = 0 from
which we derive yj1 - yjo -+ -yt -1 =0. Together with the corresponding linear equations
for yj1, yj2, ..., Yijtj-1 this equation gives us 51‘ .

e Idempotency rule: Assume that D; = AV Land D; = AV LV L where L is a linear
equation. Then, we have already derived polynomial equations

>(1) = 1 S(t-1) o (tj-1)
w1=<a§%x>—a%%-n,ym_1=yﬂj=<@’ ,x>—aﬁ ,
yp-Yp - Yjg=1- Y = 0.
Then we can derive yji;-1 = yj; and yj1 - Yjo - - Yjt;—2 - (y]?tj_l) = 0. Using multiplication we
derive y]zl : y}zz e y]?tj_z . (y}zti_l) = 0 from which we derive the equation yj1 - yj2 - - - yjt;-1 = 0
by using the square root rule. This equation together with the corresponding linear

equations for yj1, Y2, ..., Yjt;-1 gives us D; .

Having the polynomial simulation of every Res-Linz derivation rule, we can conclude our
proof. m|
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Corollary 4.8. Suppose we have a Res-Lingz refutation Tt of a collection of linear equations Q1, ..., Qm
over variables x1, ..., x, . Then, there exists a ZHZ—PC&{ refutation of

of size at most O(p(Size(m))) for some polynomial p .

Proof. For each affine form L in a Res-Linz refutation = we introduce a new variable y = L via
the extension rule. Then, we can apply Theorem 4.7 to construct an O(p(Size(m))) refutation. O

Now we will show that our lower bound provides an interesting counterpart to a result from
[24].

Theorem 4.9 ([24]). Any Res-Lingz refutation of 1 +x1 + ...+ 211y, = 0 has size 22"

Proof. By Theorem 3.5, any Ext—PCg){ refutation of BVP, requires size 22" . Since Ext—PCq‘Q{

polynomially simulates the ZHZ-PC&{ proof system, from Corollary 4.8 we get that there is a

polynomial p such that for any Res-Linz refutation of BVP,, of size S the equation p(S) > Co-2¢1™"
holds. Then for some constant C the equation S > 2¢7 holds. m]

4.2 YIIX-PCqg simulation of Unary Res-Linz

In this section we show that we do not need the square root derivation rule to simulate Res-Lin
with unary coefficients.

Theorem 4.10. Let i = (Dy, ..., D) be an Unary Res-Linz proof sequence of D; from a collection of
initial disjunctions of linear equations Q1, ..., Qy . Then, there exists a ZITX-PCq proof of D; from
Q1 U...UQy, of size at most O(p(Size(m))) for some polynomial p .

Proof. To prove this theorem we will use the following lemma from [18]:

Lemma 4.11 ([18], revision 2 of the ECCC report, lemma 7, p.32). Let I be the following set of
polynomial equations:

xo=f(X), xi=fX)-1, ..., x,=f(X)—a,
yo=9(X), y=9@)-1, ..., yw=9() -0,
xo.xl.xZ...xa:O’ yo.yl.yz...ybzol

where f and g are affine forms over variables X . Then we can introduce new variables z,z1, . .., Zg+p
using the following YI1X.-PCgq extension rule:

20 = f(X)+9(X), z1=fX)+g9(X)+1, zo=f(X)+g9(X)+2, ..., zpp=f(X)+g(X)+a+b,

and derive equation
202122 Za+b = 0.

from T in LITX-PCq with a derivation of size poly(ab) and using only extensions of the original variables
X.
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We prove Theorem 4.10 by induction on the lines of 7.
Base case: An Unary Res-Linz axiom Q); is translated to Q; and the Boolean axiom (x; = 0)V(x; = 1)

is translated to xf —x;=0.
Induction step: Now we simulate all the Unary Res-Linz derivation rules in XITX-PCq .

e Resolution, Weakening, Simplification rules: the simulation is the same as in Theorem 4.7.

e Idempotency rule: Assume that D; = AV Land D; = AV LV L where L is a linear
equation. Then, we have already derived polynomial equations

) 1 S(t-1) S (t-1)
]/]1‘<;)x> ;0)""’%*1 =i = <J] ’x> ajo] '

Yir Y2 Yj-1 Yy = 0.
Then we can derive yj;-1 = yjt; and yj1 - yjo -+ Yjt;—2 - (y]ztj_l) =0
(] (-1 ) (t-1) (t] D)

Now consider the equation y;ji;—1 a; x A, xat...tan Xp—ag . Using the
extension rule we can introduce new variables
o O > 1)
Z My My+17 My -1 A My
(2) o) L2 0
- —M2+1""’ Mz 1’ Mz
L) L)
Z My oMy 417 A M -1 2 M,
with the following equations for each 1 < i < n:
i _ =D AU RO
z_Mi—ajl X1+...+4a ji i ]0 - M;,
0 _ D -1 (D)
Zoael = ].1’ X1 +...+ ]Z] X — ]0] - M; +1,
j (t-1) (t-1) (t-1)
5\1/1),-—1 = aﬂ’ X1 +...+ a].l.’ Xi— a].O] +M; -1,
‘ (tj=1) (ti-1) (ti=1)
zg\l/l)i:ajlf x1+...+a].l.’ i_”joj + M;,
where M; = |a(t/ 1)| + |11](.t1j_1)| +...4] ](Z/ 1)| forl<i<mn.
Now, having the equation (a;j _1)x1) . (ajlj _1) ;1 ) = 0 from the Boolean axiom for
the variable x1 , we can derive using Lemma 4 11 that
> @ SO R R
ZoMy EoMy#1 T EMp-1 T AM T Y
In this case, we take f(X) = aj(i’ 1)x1 +|a (t’ | g(%) = |a(t] |,a=2|a ](tlj 1)| b=2la, (t’ 1)|.
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After that again using Lemma 4.11, we can derive the following equations one by one:

(l) (1) (@) @ _
ZoM E M EM-1 2 = 0

In order to do so foreach 2 < i < n we take f(X) = a](t] 1)

-1 (tj-1) (ti-
g(x):a].l. xi+|ajl.’ |a—2M11,b—2| !

(tj—l) o (t]'—l)

X1+.. .+u].i_1 i-1 a].O +M;_1,

| . Here we use the Boolean axioms for
the variables x, . .., x,, to derive (a(.l./ x;i) - ( (t] )xi - ;Ej_l)) =0
Informally, each equatlon of the form z(ll)w 2(13\4 RS ZE\i/I)»—l . zg\;)_ = 0 encodes the fact

-1
that the value of ajl )xl + ..+ a;:’ )xi - a%] Y

assignment of variables.

lies inside [-M;, M;] for any Boolean

Finally, we derive the following system of equations:

2, = (377 &) —a - M,

Z_M, ’ j0
) [=-1) o (ti-1)
_Mn+1—<a] ,x>— ]0] - M, +1,

“ ey

NON. <Zi(ff‘”, 5c’> —ayg VM, -1,

M,,—l j
O U (t—1)
Zp, <a].] ,x>—a].0’ +M,,
(n) (71) (n) (n) _
My F—My1 T M- 2, = O
from which we derive that
(n)  _
_nM y]t] Mn/
2 1= Yo — My +1,
20 =y M, -1
My-1— y]t/-—l n 7
( ) = Yjt-1 + My,
where M, = |a (/ 1)| + |a (] 1)| +la,, (t’ )| + ..+ |a;:_1)|. Then, having the equations

(n) = Yjr-1 + k, we can substltute Yjtj-1 + k for each Z](( into the equation z( )

(—nz\)/ln+1 21(\2_1 (ni = 0 one by one and get

h(]/jt]-—l) =0
— 2 M, +1 - .
where h(y]'t]._l) = b - Yjt-1 + by - yjt]__l + ...+ bomy 4t - y].tj_l is a polynomial from

Z[yjt;-1] and by = ((My)")? - (-1)M» . Then we derive the following equation by using the
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multiplication rule:

Yin - Yjz o Yig-2 - hyjg-1) = b1y Yoo Yjr—2 - Yj1t
2,1y _ )

+ Y1 Y Yjt-2 (y?t],_l) (b2 + b3 yjt-1+ ..+ bam, e Yin

Now, using the equation y;1-yj2 - - - y]-tj_2~(y?tj_1) = Owederive b1 yj1-yj2 - Yjti-2-Yjt;-1 =0
and since b1 # 0 we derive yj1 - yj2 - Yjt;-2 - Yjt;-1 = 0. This equation together with the
corresponding linear equations for y;1, yj2, . . ., Yjt;-1 gives ﬁi . O

4.3 Ext-PCqg cannot simulate the square root derivation rule

The following statement shows that the square root rule cannot be eliminated in Ext-PC;){
derivations. As a corollary of this theorem we get that the simulation from Theorem 4.7 does
not apply to Ext-PCgq .

Theorem 4.12. Any Ext-PCq-derivation of
T4+x1+...42" %, =0

from the equation
(1+x1+...+42"%,)> =0

requires size 29" .

Proof. The proof of this theorem essentially mimics the proof of Theorem 3.5 and consists of
two parts. First, we prove the following claim.

Claim 4.13. For any Ext-PCz-derivation of M - (1 + x1 + ... + 2" 1x,) = 0 from the equation
(1+x1+...+2"1x,)2 = 0 where M € Z \ {0}, the constant M is divisible by every prime number
less than 2™ .

Second, we apply Theorem 3.4 to prove that for every Ext-PCq-derivation of (1 + x1 +... +
2" 1x,) = 0 from the equation (1 +x; + ... + 2"1x,)? = 0 there is an Ext-PCz-derivation of
Mf” . -M;:" ~(1+x1 +...+2"!x,) = 0 from the equation (1 + x1 + ... + 2" x,)? = 0 where
M; € Z, M; # 0, and the M; are denominators from the original Ext-PCg-derivation. Then
M; --- My is divisible by all prime numbers less than 2" and thus the size of the original
Ext-PCg-derivation is 22" .

Proof of Claim 4.13. Assumethat Ry, ..., Ry isan Ext-PCz-derivation of M- (1+x;+.. A2 1x,) =
0 from the equation (1 +x1 +... + 2" 1x,)>=0.Then Ry, ..., R; is a PCz-derivation from some
set

I = {G(f)/Fl(J?)/ .. '/Pn(f)r Y1 — Ql(f)/ e Ym — Qm(f/ Yi,-. ~/ym—1)}/

where G(¥) = (1 + XL, 207Vx;)?, Fi(¥) = x?—xi, Qi € Z[X,y1,...,yi-1]and Ry = M - (1 + x1 +
42 ).
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Now consider an arbitrary integer 0 < k < 2" and its binary representation by, ..., b, . Then
G(b1,...,by) =(k+1)%, Fi(bi,...,by)=b?—b; =0.

Also consider integers c1, ..., ¢y such that ¢; = Qi(b1,..., by, c1,c2,...,ci—1). Now we prove
by induction that every integer R;(b1, ..., by, c1,...,cn) is divisible by (k + 1)? and thus M is
divisible by every prime number less than 2" since 1 + by + ... + 2" b, =k + 1.

Base case: if i = 1, then

Ri=G(bi,...,by,c1,...,cm) = (k+1)

or
Ri:Fi(bll---/bnlcli---/cm):0

or
Ri(blr"~/bnlcll"'lcm):Ci_Qi(bll'-'/bnlclr"-/ci—l):O/

which means that R; is divisible by (k + 1)?.
Induction step: suppose we know that R; is divisible by (k + 1)* for any j < i. Now we
show it for R;;1 . There are three cases:

1. If Ri11 € I, then this case is equivalent to the base case and R;+1(b1,...,bn,c1,...,0m) s
divisible by (k + 1).

2. If Riy1 = aRj+pRs fora,p € Zand j,s < i, then Rjy1(by, ..., by, c1,...,cy)is divisible
by (k + 1)? because Rj(b1,...,by,c1,...,cm)and Rs(b1, ..., by, c1,. .., cy) are divisible by
(k +1)? and a and B are integers.

3. If Ris1 = xjRs or Riy1 = yjRs, then Rip1(bi, ..., by, c1,...,cp) is divisible by (k + 1)
because Rs(b1, ..., by, c1,...,Cn)is divisible by (k + 1)? and b; and ¢; are integers.

Since every R;(b1,..., by, c1,...,Cn) is divisible by (k + 1)?, we know that
Ri(b1,...,by,c1,...,cn) =M -(k+1)

is divisible by (k + 1)2. Then M is divisible by k + 1 and thus M is divisible by every prime
number less than 2" . O

Now assume that Ry, ..., R; is an Ext-PCg-derivation of size S from an arbitrary set of
equations T’ € Z[X] where Ry =1+ x1 + ...+ 2"=ly . Then we know that Rq,...,R; isa PCG‘J{
refutation of a set I" = T U {y1 — Q1(X), ..., ym — Qu(X, y1,...,ym-1)} where Q; € Q[X, ].
As in Theorem 3.4, we consider all products of denominators of polynomials Q;, R; and all
denominators in linear combination derivations (derivations of the form aR; + fR;s). Let us
denote those constants by T; . We know that [[T; < 200) . From Theorem 3.4 we know that
there is an Ext-PCz-derivation R7, ..., R} from the set I for which R} =T" ---T,"R;, where
a; € NU{0}.
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Then we can consider
F={1+x;+...+2"%,)*=0,x3 —x1=0,...,x2 —x, =0},

and we know that for every Ext-PCg-derivation of 1 + x1 + ... + 2" !x,, = 0 from the equation
(14+x1+...+2" 1x,)? = 0 of size S there is an Ext-PCz-derivation of M- (1 +x1+...+2" x,) =0
from the equation (1+x1+...+2" 1x,)? = Owhere M = " T and Ty - T, < 2005 However,
from Claim 4.13 we know that M is divisible by all prime numbers less than 2" . Then Tf” T
is divisible by all prime numbers less than 2" which means that Tj - - - T, is divisible by all prime

numbers less than 2" . Then 22" < Ty --- T, < 290) which means that § > 22" | O

5 Open Problems

1. Theorem 4.7 says that Ext-PCé p-simulates any Res-Lin derivation. However, from
Theorem 4.12 we know that the simulation from Theorem 4.7 does not work for Ext-PCg .
Is the square root rule necessary, that is, can we p-simulate Res-Lin refutations in the
Ext-PCq proof system?

2. A major question is whether it is possible to apply the technique from Section 3 to prove
an exponential lower bound on the size of refutations of a CNF formula even in a weak
extension of Polynomial Calculus such as ZITX-PCz .

3. Theorem 4.9 says that any Res-Lin refutation of BVP, requires size 2" . Does an expo-
nential lower bound on the size of Res-Lin refutations imply an exponential lower bound
on the number of lines in Res-Lin refutations? Do we necessarily need large coefficients in
some Res-Lin refutations with a small number of lines? Or is it the case that if there is a
Res-Lin refutation with a small number of lines, then there is a Res-Lin refutation with a
small number of lines and small coefficients?
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