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Abstract: We present a new method for proving lower bounds on quantum query al-
gorithms. The new method is an extension of the adversary method, by analyzing the
eigenspace structure of the problem.

Using the new method, we prove a strong direct product theorem for quantum search.
This result was previously proved by Klauck, Spalek, and de Wolf (FOCS’04) using the
polynomials method. No proof using the adversary method was known before.

ACM C(lassification: F1.2, F2.2

AMS Classification: 81P68, 68Q17

Key words and phrases: quantum computing, quantum algorithms, quantum lower bounds

1 Introduction

Many quantum algorithms (for example, Grover’s algorithm [13] and quantum counting [11]) can be
analyzed in the query model where the input is accessed via a black box that answers queries about the
values of input bits.

There are two main methods for proving lower bounds on quantum query algorithms: the adversary
method [3] and the polynomials method [9]. Both of them have been studied in detail. The limits of
the adversary method are particularly well understood. The original adversary method [3] has been
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generalized in several different ways [4, 18, 8]. Spalek and Szegedy [23] then showed that all the
generalizations are equivalent and, for certain problems, cannot improve the best known lower bounds.
For example, it was shown in [23, 24] that the adversary methods of [4, 18, 8] cannot prove a lower bound
for a total Boolean function that exceeds O(1/Co(f)Ci(f)), where Co(f) and C;(f) are the certificate
complexities of f on O-inputs and 1-inputs, resp. This implies that the adversary methods of [4, 18, 8]
cannot prove a tight lower bound for element distinctness or improve the best known lower bound for
triangle finding. (The complexity of element distinctness is ®(N2/ 3) [2, 5] but the adversary method
cannot prove a bound better than Q(v/N). For triangle finding [19], the best known lower bound is
Q(N) and it is known that it cannot be improved using the adversary method. It is, however, possible
that the bound is not tight, because the best algorithm uses O(N') queries.)

In this paper we describe a new version of the quantum adversary method which may not be subject
to those limitations. We then use the new method to prove a strong direct product theorem for the K-fold
search problem.

In the K-fold search problem, a black box contains xi,...,xy such that [{i: x; = 1}| = K and we
have to find all the K values of i such that x; = 1. This problem can be solved with O(v/NK) queries.
It can be easily shown, using any of the previously known methods, that Q(y/NK) quantum queries are
required. A more difficult problem is to show that Q(v/NK) queries are required, even if the algorithm
only has to be correct with an exponentially small probability ¢~X, ¢ > 1. This result is known as the
strong direct product theorem for k-fold search. Besides being interesting on its own, the strong direct
product theorem is useful for proving time-space tradeoffs for quantum sorting [16] and lower bounds
on quantum computations that use advice [1].

The strong direct product theorem for quantum search was first shown by Klauck, Spalek, and de
Wolf [16], using the polynomials method. No proof using the adversary method has been known and, as
we show in Section 3, the previously known adversary methods are insufficient to prove a strong direct
product theorem for K-fold search.

Recent developments After the author completed the research presented in this paper, several devel-
opments occurred.

1. Together with Spalek and de Wolf [7], we have used the methods from this paper to prove a direct
product theorem for ¢-threshold functions. This implies time-space tradeoffs for the problem of
deciding systems of linear inequalities.

This paper and [7] were merged for publication at STOC’06 [6]. We have decided to publish the
journal versions separately.

The relation between the two papers is as follows. A direct product theorem for k-threshold
functions implies a direct product theorem for search. Thus, the result of [7] implies the result in
this paper. The proof of our result is, however, substantially simpler than the proof of the more
general result in [7]. Because of that, we think that our proof continues to be of interest even
though the result in this paper has been generalized by [7].

2. §palek [22] generalized the results of the current paper and [7], obtaining a multiplicative adver-
sary method. This is a general framework for proving lower bounds which includes the results of
the current paper and [7] as particular cases.
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3. Hgyer, Lee, and Spalek [14] generalized the usual adversary method in a different way, by extend-
ing the usual weighted adversary method of [4] to negative weights. Reichardt [21] has shown
that this method is optimal: if Adv®(f) is the best adversary lower bound that can be proven for
a function f, then f can be evaluated using

log Adv®(f) )

+
0 <Adv (f) loglog Adv®(f)

queries. Although the negative weight adversary method is guaranteed to provide nearly optimal
results, the other lower bound methods also remain interesting because particular lower bounds
may follow more easily using different tools.

2 Preliminaries

We consider the following problem.

Search for K marked elements, SEARCHg (N): Given a black box containing xp,...,xy € {0,1} such
that x; = 1 for exactly K values i € {1,2,...,N}, find all K values ij,...,ig satisfying xi; = 1.

This problem can be viewed as computing an (1;) -valued function f(xi,...,xy) in the variables
X1,...,xy € {0,1}, with values of the function being indices for the () sets S C [N] of size K, in some

canonical ordering of those sets.

We study this problem in the quantum query model. (For a survey on the quantum query model,
see [12]). In this model, the input bits can be accessed by queries to an oracle X and the complexity of f
is the number of quantum queries needed to compute f. A quantum computation with 7" queries is just
a sequence of unitary transformations

Uy—0—-U;—-0—---—=Ur_1—=0—=Ur.

The U; can be arbitrary unitary transformations that do not depend on the input bits x1,...,xy. The
transformations O are query (oracle) transformations which depend on xi,...,xy. To define O, we
represent basis states as |i,z) where i consists of [log(N + 1)] bits and z consists of all other bits. Then,
O, maps |0,z) to itself and |i,z) to (—1)%|i,z) fori € {1,...,N} (i. e., we change phase depending on x;,
unless i = 0 in which case we do nothing).

The computation starts with a state |0). Then we apply Up, Oy, ...,0y,Ur and measure the final
state. The result of the computation is the string of [log, (%)1 rightmost bits of the state obtained by the
measurement, which is interpreted as a description of one of the (]Ig) subsets S C {1,...,N}, |S| =K.

3 Overview of the adversary method
We describe the adversary method of [3].

Let X be a subset of the set of possible inputs {0,1}". We run the algorithm on a superposition of
inputs in X. More formally, let 3{4 be the workspace of the algorithm. We consider a bipartite system
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H = Hp @ H; where H; is an “input subspace” spanned by basis vectors |x) corresponding to inputs
xeX.

Let Ur OUr_; - -- Uy be the sequence of unitary transformations on 34 performed by the algorithm
A, where Uy, ...,Ur denote the transformations that do not depend on the input and O stands for the
query transformations. We transform this sequence into a sequence of unitary transformations on J. A
unitary transformation U; on H4 corresponds to the transformation U] = U; ® I on the whole 3. The
query transformation O corresponds to a transformation O’ that is equal to O, on the subspace Hy ® |x).

We perform the sequence of transformations Uy O’ Uy._, - - - U}, on the starting state

‘Wstart> = ’0> X Z ch|x) .

xes

Then, the final state is
|Wena) = Z 0| W) @ |x)

xeX

where |y, is the final state of A = Uy OUy_;...Up on input x. This follows from the fact that the
restrictions of U}, 0',U;_4,...,U} to Ha ®|x) are Ur, Oy, Ur_1,...,Uy and these are exactly the trans-
formations of the algorithm A on input x.

Let pend be the reduced density matrix of the H; register of the state |Yenq). The adversary method
of [3, 4] works by showing the following two statements.

e Letx € X and y € X be such that f(x) # f(y) (where f is the function that is being computed). If
the algorithm outputs the correct answer with probability 1 — € on both x and y then

| (Pend)xy| < 2+/€(1 — €)ooty |-
e For any algorithm that uses 7" queries, there exist inputs x,y € S such that f(x) # f(y) and

(Pend)xy > 2v/ €(1 —€)|0n[ 5]

These two statements together imply that any algorithm computing f must use more than 7" queries.

An equivalent approach [15, 4] is to consider the inner products (y,|y,) between the final states
|wy) and |y;) of the algorithm on inputs x and y. Then, |(Pend)xy| < 21/ €(1 — €)| || 0| is equivalent to
(vl < 2y/e(1—e).

As aresult, both of the above statements can be described in terms of inner products (.| y,), without
explicitly introducing the register ;. The first statement says that, for the algorithm to succeed on inputs
x,y such that f(x) # f(y), the states |y,) and |y,) must be sufficiently far apart from one another (so that
the inner product |(yy|y,,)| is at most 21/€(1 — €)). The second statement says that this is impossible if
the algorithm only uses 7" queries.

This approach breaks down if we consider computing a function f with success probability p < 1/2.
(f has to have more than 2 values for this task to be nontrivial.) Then, |y,) and |y,) could be the
same and the algorithm may still succeed on both inputs, if it outputs x with probability 1/2 and y with
probability 1/2. In the case of strong direct product theorems, the situation is even more difficult. Since
the algorithm only has to be correct with probability ¢ X, the algorithm could have almost the same final
state on ¢X different inputs and still “succeed” on every one of them.
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In this paper, we present a new method that does not suffer from this problem. Our method, described
in the next section, uses the idea of augmenting the algorithm with an input register J;, together with
two new ingredients:

1. Symmetrization. We symmetrize the algorithm by applying a random permutation 7 € Sy to the
input xp,...,Xy.

2. Eigenspace analysis. We study the eigenspaces of Pgart, Pend and density matrices describing the
state of J; at intermediate steps and use them to bound the progress of the algorithm.

The eigenspace analysis is the main new technique. Symmetrization is necessary to simplify the structure
of the eigenspaces, to make the eigenspace analysis possible.

4 Our result

Theorem 4.1. There exist € and ¢ satisfying € > 0, 0 < ¢ < 1 such that, for any K < N/2, solving
SEARCH (N) with probability at least cX requires (¢ —o(1))v/NK queries.

4.1 General framework

We first give a high-level overview of the new method, in a form that may be applicable to a variety of
problems. After that, in Section 4.2, we will describe how to adapt this general method to the K-fold
search problem.

As before, let X C {0,1}" be a subset of the set of inputs for the function f(xi,...,xy). Let G be
the group of all permutations 7 on {1,...,N} that fix X:

{(x,r<1),...,xn(N)) : (xl,...,xN) EX} =X.

Additionally we assume for all 7 € G that f(xz(1),-- -, Xz(y)) and 7 uniquely determine f(xi,...,xy).

We choose X so that X consists of “hard” inputs (inputs on which f is difficult to evaluate with few
queries) and the symmetry group G is as large as possible. For example, in the case of K-fold search, X
is the set of all x € {0,1}", |x| = K and G consists of all permutations on {1,...,N}.

Let A be an algorithm for f(xi,...,xy) and let H4 be the workspace on which A operates.

We first “symmetrize” A by adding an extra register s holding a permutation & € G. Initially, Hg
holds a uniform superposition of all permutations 7:

1

VR

Before each query O, we insert a transformation |i)|7) — |7~ (i))|7) on the part of the state containing
the index i to be queried and Hg. After the query, we insert a transformation |i)|7) — |7(i))|7). The
effect of the symmetrization is that, on the subspace |s) ® |7), the algorithm is effectively running on

the input xz(1),...,Xzy). At the end of algorithm, we apply a unitary transformation that replaces the
answer for f(xz(), ..., Xz(y)) With the corresponding answer for f(x1,...,xy). (This is possible because
of our requirement that f(x(1),- .., Xz(y)) and 7 uniquely determine f(xi,...,xx).)
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If the original algorithm A succeeds on every input (xi,...,xy) with probability at least €, the sym-
metrized algorithm also succeeds with probability at least €, since its success probability is just the
average of the success probabilities of A over all (xn(l),...,xﬂ(N)), 7w € G. Next, we recast A into a
different form, using a register that stores the input x1,...,xy, as in Section 3.

Let 3, be an |X|-dimensional Hilbert space whose basis states correspond to inputs (xi,...,xy) € X.
We transform the symmetrized version of A into a sequence of transformations on a Hilbert space
H=Hs®@Hs@H;. As before, a non-query transformation U on H, ® Hg is replaced by U & I on
JH. A query is replaced by a transformation O that is equal to Oy, . ., ®I on the subspace consisting
of states of the form [s)4 s ® |x;...xy);. The starting state of the algorithm on Hilbert space H is
|00) = |Wstart)a,s © |Wo)1 wWhere |Wuar)as is the starting state of A as an algorithm acting on 3y ® Hg
and |yp); is some fixed superposition of states |x;...xy), (x1,...,x5) € X.

Let |y;) be the state of the algorithm A, as a sequence of transformations on 3, after the r™ query.
Let p, be the mixed state obtained from |y;) by tracing out the 4 ® Hg register and let A;,4,,... be
all the distinct eigenvalues of p;. Let S; be the subspace of J{; consisting of all eigenvectors with the
eigenvalue A; and let P; be the projector to the subspace S;. Then,

pr = ZliPi-

tth

For a permutation 7 € G, let U be the unitary transformation on the register J; defined by

Uﬂ’xl .o .XN> = ]xn(l) .o .xn(N)) .

Then, because of the symmetrization step, p; is invariant under Uy: p; = Urp:Uy I This means that
every eigenspace S; is fixed by Uy, for every 7 € G.
Let V be the collection of all invariant subspaces S < JH4 (subspaces S that are fixed by all & € G).
Then, we can always express p; as
pr =Y AsPs
Sev
where Ps is a projector to the subspace S. This means that the state of the algorithm can be fully
described by the vector (Ag)scy. (For some symmetry groups G, there could be infinitely many invariant
subspaces. Then V will be infinite but only finitely many of the Ag will be nonzero.)

We divide V into a set Vgooq 0f “good” subspaces and a set Vi,q of “bad” subspaces so that, if the
algorithm A succeeds, a non-negligible part of the final state pr must consist of Py, S € Vgooq.

To prove a lower bound on the number of queries, we show that the initial state of H; is in Vy,q and
then prove that Ty queries are not enough to move a non-negligible part of the state to S € Vgooq. That is
done by bounding the change in (Ag)scy in one query, as follows. Let p, be the state of H; before the
(t+ 1)% query. We decompose

N
Pr = Z Pri;
i=0

with p;; being the part of the state in which the query register of A contains i. Let G consist of all
m € S with (i) = i. Then p;; is fixed by Uy for all & € G Let V1) consist of all subspaces S that are
fixed by all Uz, w € G Then

pri= Y. AsPs.
Sevi)
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We use this decomposition to describe the effect of a query on p; ;. Then we relate subspaces S € V@ to
subspaces S € V. This allows us to bound the change in (Ag)scy.

Specialization to k-fold search In the case of k-fold search (described in the next section), there are
just K + 1 invariant subspaces Sy, ...,Skx with S; intuitively corresponding to the algorithm knowing
locations of i out of K items j with x; = 1. The state of the algorithm can then be described by a vector
(Ao, ..., Ak) of length K + 1, where A; describes the probability that the algorithm knows locations of i
out of the K items.

The bad subspaces that make up Vpaq are So, .. ., Sk, which correspond to A knowing at most K /2
of the K locations j with x; = 1. The good subspaces that make up Vgooa are Sg/21,---,S¢ which
correspond to A knowing more than K/2 of the K locations j with x; = 1.

4.2 K-fold search

We now prove Theorem 4.1. Let A be an algorithm for SEARCHg (N) that uses T < €y/NK queries.
As described in the previous subsection, we first “symmetrize” A by adding an extra register Hg
holding a permutation 7 € Sy. Initially, Hs holds a uniform superposition of all permutations 7:

1
Wﬂé‘dn)

The result of this step is that, on the subspace consisting of all states |s) ® |7), the algorithm runs on the
input xz(1),...,Xz(v)- At the end of the algorithm, we apply the transformation

lit) .. lig)|m) = [~ (ir)) ... |~ (k) | )

on the part of {4 that holds the output of the algorithm and Js. This converts the answer for the input
Xz(1)s- - - Xz(n) into the answer for the actual input xy,...,xy.
We then add an input register J{; which initially, holds the starting state

Ivo) :LN Y o).

(K) K

Let |y;) be the state of the algorithm A, as a sequence of transformations on H = Hy @ Hg ® H;, after
the ™ query. Then,

1
Yy sl

W)= — )
 (ON! v mesy

denotes the state of Hy after 7 steps, on the input xz 1), ..., Xz(n)-
Let p; be the mixed state obtained from |y;) by tracing out the H, register. We claim that the states
p: have a special form, due to our symmetrization step.

-,»-~-,x7r(N)>

Lemma 4.2. The entries (p;)xy are the same for all x = (x1,...,xn), ¥y = (¥1,...,yn) with the same
cardinality of the set {{ : x; =y, = 1}.
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Proof. Since p; is independent of the way how the 4 ® Hy is traced out, we first measure Hg (in the
|) basis) and then measure H, (arbitrarily). When measuring Hs, every 7 is obtained with an equal
probability. Let p; ; be the reduced density matrix of HH;, conditioned on the measurement of Hg giving
7. Then

1
P =Y —Pru-
t ;N! t.

The entry (p;x)xy is the same as the entry (pyida)z1(x),z1(y) because the symmetrization by 7 maps

2H)
! (x),771(y) to x,y. Let x,y, ¥,y be such that |{i : x; = y; = 1}| = [{i : x, =y} = 1}|. Then there is a

permutation T € Sy such that 7(x) = x’, T(y) = y’. Therefore,

1 1
(Pr)xy = NI Z (Prx)xy = NI Z (ptﬁd)ﬂ:*](x),ﬂ"(y)

* wESN * weSN
1
= (Prid) 12,701 2(y) = (P)2(x)2(y) = (P yr -
* weSN
This means that (p; )., only depends on |[{£: x, =y, = 1}|. O

Any (X) x (%) matrix with this property shares the same eigenspaces. Namely, we have

Lemma 4.3 (Knuth [17]). Let A be an (N ) X (N ) matrix whose rows and columns are indexed by 0-1

K K
sequences X1, ...,xy With x| +---+xy = K. Assume that A is such that A, , only depends on the number
of bits {i: x; = y; = 1}. Then, the eigenspaces of A are Sy,S1,...,Sk where Ty = Sy consists of multiples

of |wo) and, for j >0, S; = T;N(T;_1)*, with T; being the space spanned by all states

1
—— XlyeooyX .
(KN ) x“;’xN: ‘ 1 ; N>
-/ X1+-+xy=K,

xil :...:xil_:

|1I/i17---7ij> =

Let 7; be the completely mixed state over the subspace ;.
Lemma 4.4. There exist p;o > 0,...,p; x > 0 such that p; = ):f:() Di,jTj.

Proof. By Lemma 4.3, Sy,...,Sk are the eigenspaces of p;. Therefore, p; is a linear combination of the
projectors to S, . ..,Sk. Since 7; is a multiple of the projector to S;, we have

K
pr = Z PrjTj-
=0

Since p; is a density matrix, it must be positive semidefinite. This means that p;o >0,...,p; x > 0. [

Informally, we can interpret p; ; as the probability that, after # queries, the algorithm H, knows the
locations for ¢ out of the K items j with x; = 1. Let g; j = p; j + ps,j+1 + - -+ p: k. The theorem now
follows from the following lemmas.

Lemma 4.5. poo =1, po ;=0 for j > 0.
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Proof. In the starting state, H{; contains the state |¢y), independent of H, and Hp. Therefore, tracing
out Hy ® Hp leaves the state po = | o) (Yo O

Lemma 4.6. Forall j € {1,...,K} and all t we have qri1,j+1 < qrjr1+ %Q;J.

Proof. In Section 5. O

Lemma 4.7. ¢, ; < (;) <%)J.

Proof. By induction on t. The base case, t = 0 follows immediately from pgo = 1 and

For the induction step, we have

4VK N\ (avRY avE [ i N/ AN
qi+1,j S%,J'—FW%,J'—I < (]) <\/N> +\/IV<j—l> <\/]V>

B <<z)+< ‘ )) 4K\ <z+1> 4K\’
J Jj—1 VN J VN |~
where the first inequality follows from Lemma 4.6 and the second inequality follows from the inductive
assumption. O

Lemma 4.8. If 1 < 0.03v/NK then g, ; < 0.66/ for all j > K /2.

Proof. By the well known inequality (;) < (et/j)! for j > 1, we have

t\ [ 4VK / 4v/Ket /
0 = <J) (m) < ( VN > |

Let j > K/2 andt < 0.03v/NK. Then

4v/Ket - 0.12e\/K+/NK _

N VNK)2 0.66,
implying the lemma. O
Lemma 4.9. The success probability of A is at most
(x)2)
() e
Proof. In Section 6. O
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To complete the proof, given the two Lemmas, we choose a constant ¢ > +v/0.66 = 0.90133... and
set € = 0.03. Then, by Lemma 4.9, the success probability of A is at most

(E(Zi) +4v/0.66K/2.

The first term is equal to

(&) KUN=K)! K(K—1)...(K/2+1)

™) " (K/2UN-K/2)!  (N-K/2)(N-K/2—1)...(N-K+1)
% K/2 N/2 K/2 2\ K/2
<(vxn) <(wm) -() -4

where the last two inequalities follow from K < N/2. The second term is 4V 0.66K/2 = o(cX). O

5 Proof of Lemma 4.6

Let |y;) be the state before (¢ + 1) query. We decompose |y;) as Y'Y a;|w; ;), where |y, ;) is the part in
which the query register contains |i). Because of symmetrization, we must have |a;| = |az| = --- = |ay].
Also, we can choose the relative phases so that ay, - - - ,ay are all positive reals and, thus, a; =ay =--- =
ay. Let Pri= |l[/;7,><l[/”| Then

N
pe=Y aipi. (5.1)
i=0

Claim 5.1. Leti € {1,...,N}. The entry (p; )., only depends on x;,y;, and the cardinality of {¢: ¢ #
i,xg=yr=1}.

Proof. The main idea is similar to Lemma 4.2.

This time, we trace out all registers, except for J{; and the query register. This gives us a density
matrix p whose rows and columns are indexed by pairs (x, j) where x is an input and j € {1,...,N}. Let
x€{0,1},y € {0,1}V, j € [N], k € [N] and ¥’ € {0,1}V, y" € {0,1}", j' € [N], ¥’ € [N] be such that
there is a permutation € Sy with X’ = 7(x), ¥y = n(y), i/ = n(i) and j/ = 7(j). By an argument similar
to the proof of Lemma 4.2, we have

Py, (v)) = Ple), (07 71) - (5.2)

We now observe that p;; is the submatrix of p consisting of rows and columns indexed by pairs (x, i),
with all possible x € {0,1}", [{i: x; = 1}| =K.

If we have inputs x,y,x",y’ withx; = x, yi=y,and |[{{: L #i,xp =y, =1} = |[{{: L #i,x, =y, =1}],
then we can construct a permutation 7 with (i) = i, 7(x) = x’ and 7(y) = y’. Equation (5.2) then implies
(pt,i)x,y = (pt,i)x’.,y’- 0

THEORY OF COMPUTING, Volume 6 (2010), pp. 1-25 10
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We now describe the eigenspaces of matrices p;;. The proofs of some claims are postponed to
Section 7.

We define the following subspaces of states. Let i € [N] and j € {0,1,...,K}. We define T;’O to be
the subspace spanned by all states

1
W= X ),
( Kij ) x:|x|=K
Xi :~~~:x,-j:1,x,~:0
with (i1, ...,i;) ranging over all tuples of j distinct elements of [N] — {i}. Similarly, we define Tj’1 to be
the subspace spanned by all states
; 1
|1
|lljl‘l]’,...,l.j> = T Z |X1XN>
(sz‘:l) xjx=K
in:w:x,-j:in:l

Let SiJO = T-"’0 N(T;" YL and Sil = T 'n (T’1 ). Equivalently, we can define S;’O and Sj-’l as the

-_), respectively, with

Wf;{[ i_,~>: (tf LW’;I >

Let S wp.j . be the subspace spanned by all states

0 il
o |l~'/’,‘0 g Wf’f; 2 (5.3)
s 0w ol
where (iy,...,i;) again ranges over all tuples of j distinct elements of [N] — {i}.
Claim 5.2. Every eigenspace of p;; is a direct sum of subspaces S wp.j for some «, B, j.
Proof. In Section 7. O

Let 17("1 B.j be the completely mixed state over S’('x B Similarly to Lemma 4.4, we can write p; ; as

Pri= Y. PupTap (5.4)
(avﬁvj)EAt.i

where (¢, B, j) range over some finite set A; ;. (This set is finite because the J; register holding |x; ...xy)
is finite dimensional and, therefore, decomposes into a direct sum of finitely many eigenspaces.) For
every pair (o, 8, j) € A, ;, we normalize o, by multiplying them by the same constant so that &> 4+ 32 =
1. Querying x; transforms this state to

Pli= Y, PupiTa-p
(a>ﬁ7j)€At,i
because Wll i yisa superposmon of |x) with x; = ¢ and, therefore, a query leaves Wzl > unchanged

and flips a phase on | ) If i = 0, we have p/, = p; o, because, if the query reglster contains |0),
the query maps any state to 1tself thus leaving p; o unchanged.
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Claim 5.3. Let ap = /=59 || and Bo = \/3=4| 0", |-

() Saoﬁoj S

(ii) St CSj1-

Bo.—00.j =
Proof. In Section 7. O

Corollary 5.4. For any «, 3 we have S wpj S S;i®Sj.

Proof. We have Sy g ; C S;’O EBS , since Sy g ; is spanned by linear combinations of states ] _____ )

(which belong to S;’O) and states |l;l 77777 ) (which belong to S J ). As shown in the proof of Clalm 5.3
above,
i0 o il
S7 BT C S i ©S—po.co.j & S D Sje1-

O
The next claim quantifies the overlap between S @B, and ;.
Claim 5.5. N e
afo—Pao
Tr P —_—.
Sin T, a [3 Jj ag + Boz
Proof. In Section 7. U]
To be able to use this bound, we also need to bound o and fy.
. B 4(K—))
Claim 5.6. \/(xgiiﬁoz S WK!“]
Proof. In Section 7. O

We can now complete the proof of Lemma 4.6. By projecting both sides of p; =} ; p;;7; to (Tj)l =
Si+1 @+ ® Sk and taking trace, we get

K
Tr Py, pr = pr/TrP(T,-)nj,: Y pi=a (5.5)
J'=0 J=i+l

with the second equality following because the states 7y are uniform mixtures over subspaces S; and
So,...,S; are contained in 7; while S;;1,...,Sk are contained in (T ) Because of equations (5. 1) and
(5.4), this means that

N
arj1 = a3 TrPr) o+ Y. a7 Y. Pap TPy Typ i (5.6)
i=1 (O@Baj/)eAr‘,i

Decomposing the state after the query in a similar way, we get

N
G101 =@ TPy plo+ Y 6 Y PoppToPr)iTy g
i=1 ((X.,ﬁ,j’)EA“
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By substracting the two sums and using p; , = pr,0, we get

N
qt+17j+l B qt7‘]+l - Zalz Z pla7ﬁ7jl VI‘rP(T/)L (T(lx77ﬁ7j/ o T(lxvﬁﬂ.,) : (5.7)
=l (a,B,j')€A

We now claim that all the terms in this sum with ] # j are 0. For ] < JjsSap, € Tpr1 C T, implying
that TrP( j)LTaﬁ_j, = 0 and, similarly, TrP( ,-)LTa By =0. For j > |, Saﬁ’]/ - S r @ Sj1 C (Tj)L’
implying that '

TPy Typ =1, TrPy). =1,

Ot -B.J —

and the difference of the two is 0. By removing those terms from (5.7), we get

N
Gi+1,j+1 — qr,j+1 = Z az2 Z plaﬁ,j T“D(Tj)L (Tflxﬁﬁ‘,j - Ttlxﬁd') : 5-8)
i=1 ((X,BJ)EA“'
We have
. . loBo+Bowl*  |ofo—Bow|?
Tr Py T;)L (T o, —B.j a,/},j) =Tk, (T;x,fﬁ,j o éﬂﬁd’) - ag+[302 a ch—l-ﬁg ’

where the first equality follows from Corollary 5.4, S; C T}, and Sy C (7;)*, and the second equality
follows from Claim 5.5. This is at most

IaBaoBo\ ocoﬁo B 5 | 4 \/7
+ﬁ0 +ﬁ0 \/a2+ﬁ0 \/Ot0+f32 N—|—3K 4]

where the first inequality follows from

o +1B* _ 1
ol < ——mm=—
and the second inequality follows from Claim 5.6 and 2+[32 < 1. Together with equation (5.7), this
means R
4R Y |
Gr+1,j+1 = qrj+1 < N Ya Y Pap,- (5.9)
N i=1 (a7ﬁ7j)eAI.i

Similarly to equation (5.5) we have
pt,j+1 +p[,j = TrP(S_,‘@S.Hl)pt .

We can then express the rlght hand side, similarly to equation (5.6), as a sum of terms p TrPs,as;.,) T

J+l)

and pa,ﬁ’] TrPs,05,,0) 7, wp.j Since Sa,ﬁ,; C §;®Sj11 (by Corollary 5.4), we have
TrP(Sj$Sj+l)T(iZ,ﬁ,j = 1 .
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This means that

N
) .
P tp =Y @ Y Pap-
i=1 (a7ﬁ¢j)6A7«,i

Together with equation (5.9), this implies

| . <4\/1?( . )<4\/1?)§ _4VK
qt+1,j+1 — 4t j+1 > \/N DPt,j T Pt j+r1) > \/N j/:jpt] = \/N qt,j
]
6 Proof of Lemma 4.9
We start with the case when pr g /241 =" =PIk = 0.
N
Lemma 6.1. If prx/241 =+ = prx = 0, the success probability of A is at most (6%3)
: : N

Proof. Let |y) be the final state. The state of register }; lies in Tk >, which is an (KA;Z) -dimensional

N

space. Therefore, there is a Schmidt decomposition for |y) with at most (K P

the state of H4 lies in an ( K]\/IZ) -dimensional subspace of 4 ® Hs.

We express the final state as

) terms. This means that

_y b
V) _x;|2|:-K o

W) ) -

We can think of |y;) as a quantum encoding for x and the final measurement as a decoding procedure
that takes |y,) and produces a guess for x. The probability that algorithm A succeeds is then equal to
the average success probability of the encoding. We now use

Theorem 6.2. [20] For any encoding |y,) of M classical values by quantum states in d dimensions, the
probability of success is at most d /M.

In our case, M = (/I}/) and d = ( KI\/JZ) because the states |y) all lie in a ( K%) -dimensional subspace
of H4 ® Hg. Therefore, Theorem 6.2 implies Lemma 6.1. O
We decompose the state |yr) as v/1— 8|yh) +V/8|w)) where |y} is in the subspace H4 ® Ty )
and |y7) is in Hy @ (T /o). We have
K
6 = Z pT,j .

j=K/2+1

The success probability of A is the probability that, if we measure both the register of J{4 containing
the result of the computation and H; then we get iy,...,ix and xi,...,xy such thatx;, =--- =x;, = L.
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Consider the probability of getting iy, ...,ix and xi,...,xy such that x;, =--- =x;, = 1, when mea-
suring |y7) (instead of [yr)). By Lemma 6.1, this probability is at most ( KA/IZ) /(%). We have

lwr = w7l < (1= V1I=8)|lyr| + Vallwrll = (1-V1-8%)+ V5 <2V,

We now apply

Lemma 6.3. [/0] For any states |y) and |y') and any measurement, the total variation distance between
the probability distributions obtained by applying M to |y) and to |y') is at most 2|y — y/'|.

By Lemma 6.3, the probabilities of getting i1,...,ig and xi,...,xy such that x;, = --- =x;, =1,
when measuring |y7) and |y) differ by at most 4/8 = 4 /qr x/2+1- Therefore, the success probability
of A is at most

N
(x)2)

(N) +4\/9r /241 -
K

7 Structure of the eigenspaces of p; ;

In this section, we prove Claims 5.2, 5.3, 5.5, and 5.6 describing the structure of the eigenspaces of p; ;.
Before giving the proofs, we briefly summarize the results in this section.

1. Let p;; be a matrix whose rows and columns are indexed by (x1,...,xy), x; € {0,1} with x; +
...+xy =K. By Claim 5.2, if p;; is symmetric w.r.t. any permutation 7 € Sy that fixes 7, then
its eigenspaces are of the form Six B.j which is the subspace spanned by the states of the form

~ '70 74 '51
o ~i,0 + ~i,1
[z 7SI

where |l/71’lol/> and \I,T/llll i,-> are the states defined at the beginning of Section 5.

2. We then relate the eigenspaces Six g, o the subspaces Sp,...,Skx defined in Section 4.2. In
Claim 5.3 we show that, for certain o and fy, we have

¢ Slaﬂ',ﬁ()ﬁj g S‘];

oSi

—Bo,q0,j < SjJrl;

A corollary of this is that, for any a, 8, we have

.B.j S Sa.o.i O gy S Si B Sjvt-

This is shown in Corollary 5.4.

3. Next, in Claim 5.5, we quantify how close S’;x B.j isto §; and S; . The result is an expression for
TrPs,,, fo‘ p.; (where T 5.; 18 the maximally mixed state over s s.;) that involves a, B and oy, Bo.
To use that expression, we also need a bound on the ratio of o and By (Claim 5.6).
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Proof of Claim 5.2. We rearrange the rows and the columns of p;; so that all rows and columns corre-
sponding to |x; ...xy) with x; = 0 are before the rows and the columns corresponding to |x; ...xy) with

x; = 1. We then express p;; as
_ (A B
pt,l - C D I

where A is an (V') x (Y¢!) square matrix indexed by |x;...xy) with x; =0, Dis an (§_}) x (¥_})
square matrix indexed by |xj...xy) with x; = 1, and B and C are rectangular matrices with rows
(columns) indexed by |x; ...xy) with x; = 0 and columns (rows) indexed by |x; ...xy) with x; = 1.

We claim that

_i0 _i0 il
il i) =aul@; ) +an|y; ;) and

sl

il _i0 i1
Pt,i\llffh,,,7,-j> = an | >+6122W[17W7,~j>, (7.1)

where a1, a1, az1, a; are independent of iy, ..., i;. To prove that, we first note that A and D are matrices
where Ay, and Dy, only depend on [{f : x; = y;}|. Therefore Lemma 4.3 applies. This means that S’j’O

and S;Yl are eigenspaces for A and D, respectively, and

0 =0
Al ) =auly; ;) and

N

i1 i1
D’llfl?l,...,ij> = a22|ll,ill,.‘.7ij> ?

where aj; and ap; are the eigenvalues of A and D for the eigenspaces S;FO and S;fl. It remains to prove
that

By, ) =anlyy! ) and (7.2)
g ) =anlw’ ). (7.3)

yeenslj

Let M be a rectangular matrix, with entries indexed by x,y, with [x| = |y| = K and x; = 1 and y; = 0. The
entries of M are M,, = 1 if x and y differ in two places, with x; = 1, y; = 0 and x; = 0, y; = 1 for some
[ # i and M,, = 0 otherwise. We claim

= i,0 i1
MG )=l ) (7.4)
for some ¢ that may depend on N,k, and j but not on iy,...,i;. To prove that, we need to prove two
things. First,
i,0 i1
My, ) =cly ) (1.5)
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This follows by
i0 1
My, i) = T Y Mix)
Xi=
1
= Z Z ]xl xg_10xz+1...x,',llx,-+1...xN>
(NI;]_.I) xoxy ==xj;=1Llx,=1
- xi=0
1
= TH(N_K) Y =/ YN=K)ly;!
( K—j ) y:yil:---:ly,-_/.:l
yi=
Second, M (ij) Dand M(T ’0)L - (TJ ). The first statement immediately follows from equa-

tion (7.5), because the subspaces T] and T] are spanned by the states W/ ) and |y; .j>, respec-

tively. To prove the second statement, let |y) € (Tji’o)L and |y) =Y, ax|x>. We Would hke to prove
Mly) € (T; YL This is equivalent to <l[/l i;/M|y) =0foralliy,...,ij;. We have

i1 1
1
(N_j_ )x'x' ==y, =1, lx=1
K—j—1 s i s =1,
x;=0 l%{h ..... 1,}
1
B N—j—1 (K_]) Z axzo
(K—]—]) x:xil:...:xi./_:

The first equality follows by writing out <‘Viif ll/ |, the second equality follows by writing out M. The
third equality follows because, for every x with |x| = K and x;, =--- =x;, = |, there are K — jmore 1 €[N]

satisfying x; = 1. The fourth equality follows because },. iy == =1 O is a constant times <l//ll W/)

NS
and <l//l.lwij\l//> 0, because |y) € (T; 7ML,
Furthermore, BM is an (" Kl) x (¥ K]) matrix, with (BM),, only depending on |{{:x;, =y, = 1}|.
Therefore, Sl is an eigenspace of BM and, since |, ! ‘,-> € S’j’l, we have

BM‘ITIIIII ,> A|‘I~Ilzll >

,,,,,

for an eigenvalue A independent of i, ...,i;. Together with equation (7.4), this implies equation (7.2)
with ajp = A/C
Equation (7.3) follows by proving
=01 77 .7 77 A70
MUty =clg? ) and cMTg0 )= Al

3ty
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in a similar way.
We now diagonalize the matrix

- (e an )
ay an )’
. (041 (0%) . . . . .
It has two eigenvectors: < B ) and ( B > Equation (7.1) implies that, for any iy,...,i;,
1 2

al@’ D+Bw )

is an eigenvector of p; ; with the same eigenvalue A. Therefore, S is an eigenspace of p; ;. Similarly,

ai,Bi,j

S’a2 g, ; is an eigenspace of p;. Vectors o W’u > + By \1//” ;) and (X2|l/7,’10 ) —FI32|1[/,1 i;) together
span the same space as vectors | in-, > and |§ ) Since the vectors |1// ) span S T th1s means
that

1,0 i
Slj’ @Slj’l C Sy i ® Sy poi-

Therefore, repeating this argument for every j gives a collection of eigenspaces that span the entire state
space for H;. This means that any eigenspace of p, ; is a direct sum of some of eigenspaces Six. B g

Proof of Claim 5.3. For part (i), consider the states |y;, ;) spanning 7;. We have
Wir..oniy) = / \ + 1 / |‘Vzl, (7.6)
because an (N — K)/(N — j) fraction of the states |xj...xy) with \x\ K and x; = -+ = x;;, = 1 have

x; = 0 and the rest have x; = 1. The projection of these states to (qu &) Tj71) are

N-K ~10 ~ 1
v Vi \/ W/,l

which, by equation (5.3) are exactly the states spanning S’;XO Bo.j* Furthermore, we claim that
T, T eT!! CT;. (7.7)

The first containment is true because 7;_; is spanned by the states |y; ;. ,) which either belong to
yeeeaby
) and

|l//l ) Wthh belong to T° ;- and T'-7_11 The second containment follows because the states [y . )
15 .t..l 1 Uyeenylj—1

T , € T ~, (if one of iy,...,i j_1 is equal to i) or are a linear combination of states \1//1.’1’0” i

spanning T ", are the same as the states |y, . ;;_,) which belong to 7; and the states |Wz’i;(,)“.,i_,-,| ) spanning

T’ 01 can be expressed as linear combinations of |y;, ;. ;) and |;; ;) which both belong to 7j.
The first part of (7.7) now implies

Yoo < (i e ) C(Tn)*.
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i CT: i :
We also have S w0.foj = T;, because, S .Bo.j 18 spanned by the states

P(T]?f’leaT?-' )i‘llll.l:'“vij> = Vi) _PT;f)leaT“l Vi)

Jj—1 J

and |y;, ;) belongs to T; by the definition of 7; and PT,-"LOI e, |Wi,.....i;) belongs to T; because of the

second part of (7.7). Therefore, Six(),ﬁo,j crin (Tj,l)L =S5
For the part (ii), we have

i i,0 i1 i,0 i1
a o E57 B ST ST CTjpr,

where the first containment is true because Si}«). By, is spanned by linear combinations of vectors ]1;7;10 i,~>
(which belong to S;’O) and vectors | li/l’1 1 i,-> (which belong to Sj-’l) and the last containment is true because

of the second part of equation (7.7).

Let 0 .
V... V...,
V) = B35~ — Qo (7.8)
I ‘//i{,...,ij>H H|‘V;1;,>H

be one of the vectors spanning S%Oﬁ . To prove that |y) is in S;; = Tj;.1 — T}, it remains to prove
that |y) is orthogonal to 7. This is equivalent to proving that |y) is orthogonal to every vector |y o) )
spanning T;.

Case 1 {i|,...,i}} = {i1,...,i;}: Since |y) be.longs to (T/LO1 @ Tjifl)l, it suffices to prove that |y)
is orthogonal to the projection of [y, ;) to (T;f)l & T;fl)L which, by the discussion after the equa-
tion (7.6), is equal to

0 ) )
0 ——=F— + Bo—— . (7.9)
7l 15, i)l

(From equations (7.8) and (7.9) we see that the inner product of the two states is oy — Booo = 0.

Case 2 {i’l,...,i’j} # {i1,...,ij} but one of i’l,...,i} is equal to i: For simplicity, assume i = z; Then
7 ,~§_> is the same as ]y/lf,’l ) which belongs to T;’_ll. By the definition of S, g~ the vector [y)
3eey JRRRRELY S| )

belongs to (Tjif)1 @ Tj"’_ll)L and is therefore orthogonal to |l//l.l;’1 s
1reljog

Case 3 {i’l,...,i}} # {i1,...,i;} and none of i’l,...,i;. is equal to i: One of i’l,...,i;. must be not in
{i1,...,i;}. For simplicity, assume it is /;. We have

Wit )= L Wi ).
Pl )

Also, (y; i |w) =0, because |y; _; )isin Tj'f)l & T;;r As proved in the previous case,
b ’ j— EARAS /—

(Wi..o_.ilw)=0.
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We therefore have

(Wi, olw) =0. (7.10)

P s} |
By symmetry, the inner product <q/i/17m7,~}7“,-/\1//) is the same for every i’ ¢ {i},...,i;_,i}. Therefore,
equation (7.10) means <1;/,~/]7m7i}717i,|q/> = 0 forevery i’ ¢ {i{,...,i}_,,i}. O

Proof of Claim 5.5. 1: 0B is a mixture of states |y) from the subspace S' wpB.j . We prove the claim by
showing that, for any of those states |y), the squared norm of its projection to S; is equal to the right
hand side of Claim 5.5. Since |y) € S, pj We can write it as

za,h al @’ 4Bl )

..........

for some a;, ;.. Let
Z iy, ,(BolWi," ;) — ool ;;) ;) and
i1
Z iy (W )+ Bol W)
Then, |y) is a linear combination of |[y™) which belongs to Sﬁ gpj C Sj+1 (by Claim 5.3) and [y™)
which belongs to Si)q) g, S Sj- Moreover, all three states are linear combinations of [y, |w!) defined
by
0
Z all ----- l/|q[l'll,‘..,ij>'
We have

w) =aly”)+Bly'),  [vh) =Boly’) —aoly') and [y7) = ooly®) + Boly').

Since |y ") and |y ) belong to subspaces ;| and S; which are orthogonal, we must have (y |y ~) =0.
This means
ool °|* = Bocto| w1 =

By dividing the equation by apfBo, we get ||y > = || w'||> and || w°|| = ||w]||. Since || y|| = 1, this means

that
1

O = ] = -
w7l = lw i N

Since |y) lies in the subspace spanned by |y*) which belongs to S;. and |y ~) which belongs to
S, the norm of the projection of |y) to S; is equal to [(y|y™)|/||y"|. By expressing |y) and |y")
in terms of |y?) and |y'), we get

(wlv )| apoll w2~ ooBlly' | _ |apo— Bl
el B Iverr+ gl /g +83

proving the claim. O
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~11

Proof of Claim 5.6. We will prove ||1//Z _____ H > 2||1//” _____ H because that means
o =TS0 2 5 s = Ty
V=5 ¥ 23 VK=7 VW= Vi 2K~
and
Po . Bo _ 1 _ VAHK—))
- [/ N-K g2, 32 N—K N+3K—4;
\/O‘gJFBoz \/4(1(7/) + By \/1+4(K7j) vN+ J
To prove ||l/7; il =1 7 1]||, we calculate the vector

|1T/1110 > ( '0 LW/” >

.....

Both the vector |I//l ) and the subspace T;fl are fixed by

Uzrlx) = [xz(1) - - Xa(w))

for any permutation 7 that fixes i and maps {iy,...,i;} to itself. This means that ]1/7[’101,) is fixed by
any such Uy as well. Therefore, the amplitude of |x), |x| =K, x; =0 in \l//” ;) only depends on

{i1,...,ij} N{t : x; = 1}|. This means |1//l > is of the form

.....

w-Ya Y .

x:|x|=K x;=0
Hity-ijin{t=1}=m

To simplify the following calculations, we multiply ap, ..., o; by the same constant so that
=
)
K—j

Then, |I,T/l’lolj> remains a multiple of |yp) but may no longer be equal to |yyp).
The coefficients Oto, ., 01 should be such that the state is orthogonal to 7;_; and, in particular,
orthogonal to states \1// i,) for £ €{0,..., j— 1}. By writing out l//0|1//Z 0

.......... l[

£

To show that, we first note that [y ; ) is a uniform superposition of all |x), |x| = K, x; = 0, x;; = --- =
x;, = 1. If we want to choose x subject to those constraints and also satisfying |{i1,...,i;}N{t:x, =1} =
m, we have to set x; = 1 for m — ¢ different ¢ € {is;1,...,i;} and for K —m different ¢ ¢ {i,iy,...,i;}.

This can be done in (f i) and (N - 1) different ways, respectively.

=0, we get

THEORY OF COMPUTING, Volume 6 (2010), pp. 1-25 21


http://dx.doi.org/10.4086/toc

ANDRIS AMBAINIS

By solving the system of equations (7.11), we get that the only solution is

o (7.12)

Let |y)) = |wo) /|| wo|| be the normalized version of |yp). Then

. o
Vi) = (Wolwi i) vg)  and
; <‘Ifo|‘I’, )
~ ;0 Loy
Ay SRR b4 LU L (7.13)
Hq/zl, i H <V’O‘l’/11, > ||1I/0H
First, we have
)
(wolwi, .0 =1,
because ]l//ii’o l.j> consists of (N > 1) basis states |x), x; = 0, x;; = --- = x;, = 1, each of which has
amplitude 1/ (N = 1) in both |yp) and |1;/ll ) Second,
j . . j ~\ (N-i—-1)2
IN(N—=i—1) > NCL)
H‘VOHZZ ( ) )O‘ = ( >-O"
n;::o m K—m " mz::o m (NKlml) ’
i N (N—Jj-1 i . .
_ z’: <J> ("x’,) _ z’: <J> (K—m)!(N—K+m—j—1)!
= \m (N[;L;l) = \m (K—j)(N—K—1)!
K—m)-(K—j+1
—Z() (K=m).(K=j+D) (7.14)
= N—-K—1)---(N—K+m—))
with the first equality following because there are (/) (" /~!) vectors x such that |x| = K, x; = 0, x, = 1
for m different t € {iy,...,i;} and K — m different r ¢ {i,i,...,i;}, the second equality following from
equation (7.12) and the third equality following from our choice o; = 1/ (NIX ;1)
We can similarly calculate || l;/ ..... || We omit the details and just state the result. The counterpart
of equation (7.13) is
i1
et Iyl

with |y7) being the counterpart of |yp):

ly1) = ioam ) x)

x:|x|=K x;i=1
Hir,....ij}n{lxe=1}=m
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with op =1/ ( ) Similarly as before, we get (Y |‘/’le11]> =1 and

Wil =3 (’)((%i))

m=0 K—m—1
LG (K—m—1)...(K—))
mz_:O( ) N—K)...N—K+m—j+1) (7.15)

Each term in (7.14) is
(K—m)(N—K+m—j)
(K—j)(N—K)

times the corresponding term in equation (7.15). We have

K—mN—K—I—m—j< K

2=4
K—j N-K ~K)2 ’

because j < K/2and N — K +m— j < N — K (because of m < j). Therefore, ||wo||> < 4| w1]|*> which
implies

i 1 ~tl
10 = > fu Al O
Hw 1= Vallvil
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