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Abstract. Given a function f : [N]¥ — [M]F, the Z-test is a three-query test for
checking if the function f is a direct product, i. e., if there are functions g1, ..., gx :
[N] — [M] such that f(x1,...,x¢) = (g1(x1), ..., gk(xx)) for every input x € [N].
This test was introduced by Impagliazzo et. al. (SICOMP 2012), who showed that
if the test passes with probability € > exp(—Vk) then f is Q(e)-correlated to a direct
product function in some precise sense. It remained an open question whether the
soundness of this test can be pushed all the way down to exp(—k) (which would
be optimal). This is our main result: we show that whenever f passes the Z-test
with probability € > exp(—k), there must be a global reason for this, namely, f is
Q(e)-correlated to a direct product function, in the same sense of closeness.
Towards proving our result we analyze the related (two-query) V-test, and prove
a “restricted global structure” theorem for it. Such theorems were also proven
in previous work on direct product testing in the small soundness regime. The
most recent paper, by Dinur and Steurer (CCC 2014), analyzed the V-test in the
exponentially small soundness regime. We strengthen their conclusion by moving
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from an “in expectation” statement to a stronger “concentration of measure” type of
statement, which we prove using reverse hypercontractivity. This stronger statement
allows us to proceed to analyze the Z-test.

1 Introduction

A function f : [N]F — [M]* for N, M, k € N is a direct product function if f = (g1,...,9x), for
gi - [N] = [M], i.e., the output of f on each coordinate depends on the input to this coordinate
alone. Direct products appear in a variety of contexts in complexity theory, usually for hardness
amplification. In PCP constructions it underlies the Parallel Repetition Theorem [18] and
implicitly appears in other forms of gap amplification, see e. g., [4]. The specific task of testing
direct products as an abstraction of a certain element of PCP constructions was introduced by
[9].

The combinatorial question that underlies these constructions is the direct product testing
question: given a function f : [N ¢ — [M]*, is it a direct product function? The setting of
interest here is where we query f on as few inputs as possible, and decide if is it a direct product
function. Direct product testing is a type of property testing question, yet it is not in the standard
property testing parameter regime. In property testing, we are generally interested in showing
that functions that pass the test with high probability, for example 99%, are close to having the
property.

In our case, we are interested in understanding the structure of functions that pass the test
with small—but non-trivial—probability, e. g., 1%. The 1% regime is often more challenging
than the 99% regime. It plays an important role in PCPs where one needs to prove a large gap.
In such arguments, one needs to be able to deduce non-trivial structure even from a proof that
passes a verification test with small probability, e. g., 1%.

There are very few families of tests for which 1% theorems are known. These include
algebraic low-degree tests and direct product tests. For low-degree tests there has been a
considerable amount of work in various regimes and in particular towards understanding the
extent of the 1% theorems, see, e. g., [19, 1, 3] and [2]. Itis intriguing to understand more broadly
for which tests such theorems can hold. Indeed, as far as we know, there are no other tests that
exhibit such strong “structure vs. randomness” behavior, and direct product tests are natural
candidates in which to study this question.

We remark that finding new settings where 1% theorems hold (including in particular
derandomized direct products) can potentially be useful for constructing locally testable codes
and stronger PCPs, see, e.g., the recent papers [14, 6]. Towards this goal, gaining a more
comprehensive understanding of direct product tests, as well as developing tools for proving
them, are natural objectives. Our results improve the minimal soundness of the 2-query PCP

from [13] from exp(Vk) to exp(k).
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Test 1: Z-test with parameter ¢ (3-query test)

1. Choose A, B, C to be a random partition of [k], ’ c
such that |A| = |B| = t.

2. Choose uniformly at random x,y,z € [N]* such | pumme————————
y ..........
that x4 = y4 and yg = zp. L |

3. Acceptif f(x)a = f(y)aand f(z) = f(y)B.
Denote by agr?(f) the success probability of f on this test.

1.1 Owur main result

The main question we study is: if f : [N 1F — [M]* passes a certain natural test (Test 1) with

non-negligible probability, what does f look like?

Theorem 1.1 (Main Theorem — Global Structure). For every N, M > 1, there exists ¢ > 0 such that
for every A > 0 and large enough k, if f : [N]* — [M]* is a function that passes Test 1 with probability
agrf/lo(f) = ¢ > e Nk then there exist functions (g1, ...,9x), gi : [N] — [M] such that

Ak €
Pr f(x) = (g1(x1) ..., gx(xx))| = o
x€[N]

Ak . ,
where = means that the strings are equal on all but at most Ak coordinates.

The theorem is qualitatively tight with respect to several parameters: (i) soundness (i.e., the
parameter €), (ii) approximate equality vs. exact equality (i. e., the parameter A1), (iii) number of
queries in the test. We discuss these next.

(i) Soundness The soundness of the theorem is the smallest success probability for which the
theorem holds. In our case it is 2-°F for some constant ¢ > 0. This is tight up to the constant c,
as can be seen from the example below.

Example 1.2 (Random function). Let f : [N]¥ — {0, 1}* be a random function, i.e., for each
x € [N]¥ choose f(x) € {0, 1}* uniformly and independently. Two random strings in {0, 1}! are
equal with probability 27, therefore agr?(f) > 27, since the test performs two such checks.
On the other hand, since f is random, it is not close to any direct product function (see Section 6
for more information).

We remark that every function f : [N]¥ — {0, 1}* is at least 27% close to a direct product
function !, so this amount of correlation is meaningless. We conclude that in order to have direct
product theorem that is not trivial, the minimal soundness has to be larger than 2k,

1Consider the direct product function constructed incrementally by taking the most common value out of {0, 1}
on each step.
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Test 2: V-test with parameter ¢ (2-query test)

1. Choose A C [k] of size t, uniformly at random.

A
—

2. Choose uniformly at random x,y € [N ¥ such x ] \

thatxa = ya.
v |
3. Acceptif f(x)a = f(y)a.

Denote by agr/ (f) the success probability of f on this test.

(ii) Approximate equality vs. exact equality In the theorem, we prove that for for an Q(e)

fraction of the inputs x we have f(x) 4 (91(x), ..., gk(x)). A priori, one could hope for a stronger
conclusion in which f(x) = (g1(x), ..., gx(x)) for an Q(e) fraction of the inputs x. However,
Example 1.3 shows that for t = k/10, approximate equality is necessary.

Example 1.3 (Noisy direct product function). This example is from [5]. Let f be a direct product
function, except that on each input x we “corrupt” f(x) on Ak random coordinates by changing
f(x) on these coordinates into random values. For A > 1/10, the probability that Test 1 on f
misses all the corrupted coordinates is 279K in which case the test succeeds. Since we have
changed f(x) on Ak coordinates into random values, no direct product function can approximate
f on more than a (1 — A) fraction of the coordinates.

From this example, we conclude that it is not possible to approximate f that passes Test 1
(with parameter t = k/10) with probability e “** on more than a (1— 1) fraction of the coordinates.
In Section 6 we prove similar bounds for different intersection sizes, and also discuss different
test variants.

(iii) Number of queries in the test The absolute minimum number of queries for any direct
product test is two. Indeed, there is a very natural 2-query test, Test 2. Dinur and Goldenberg
showed that it is not possible to have a direct product theorem with soundness lower than
1/poly(k) using the 2-query test [5].

Example 1.4 (Localized direct product functions). In this example we assume that N = w(k?).
For every b € [N] we choose a random function g : [N] — [M] independently. For every input
x € [N]¥, we choose a random i, € k, set b = x; and set f(x) = (gp(x1), ..., gp(xk)) .

The function f satisfies agr/(f) > t/ k? ; indeed, for x, y and A chosen in the test, if i, = iy
and i, € A, then the test will pass. The probability that i, = i, is 1/k, and the probability that
ix€Aist/k.

For N = w(k?), the function f is far from direct product, since it is made up from N different
direct product functions, each piece consisting of roughly a 1/N fraction of the domain [N]*.

For every ¢, the function described in the example satisfies agr) (f) > 1/k?, yet there is
no direct product function that approximates f on Q(1/k?) fraction of the domain. In [5] the
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Test 3: Z-test for functions over sets, with parameter ¢ (3-queries)

1. Choose random V, W, X,Y C [N], such that |W|

V)=t |X|=[Y|=k-tand XA W =YW = x | w
Ynv=0.
2. Acceptif fF(XUW)w = f(YUW)w and Y 14

FOYUW)y = FY UV)y.
Denote by agrtZS” (f) the success probability of f on this test.

conclusion from Example 1.4 was that 1/poly(k) is the limit for small soundness for direct
product tests. However, [13] showed that by adding just one more query, this limitation goes
away. They introduced a 3-query test, similar to Test 1, and proved a direct product theorem for
all e > 27 for some constant p < 1/2.

Direct product test for functions oversets Some of the previous results on direct products, such
as [13], were proven in a slightly different setting where the function tested is f : ([l,\{[ ]) — [M]*.
The input to f is an unordered set S C [N] of k elements, and we view f(S) a matching that
matches each element a € S to an element f(S), € [M]. The first bit of f(S) corresponds to
f(S)q for the smallest elements a € S, and so on. In this setting, a direct product function is

g : [N] — [M], and we say that f(S) S g(S) if for all but t of the elements a € S, f(S), = g(a).

In this article, we prove a direct product testing theorem also for this setting. Test 3 is the
analog of Test 1 for functions over sets. In Test 3 (see figure), we pick four sets W, X, Y,V C [N],
suchthat XNW =Y NW =Y NV = 0 (other intersections can be non-empty). The sets are
picked such that [ X UW| =Y UW| = |Y U V| =k, so that they can be inputs for f.

Theorem 1.5 (Global Structure for Sets). There exists a constant ¢ > 0, such that for every A > 0, large
enough k € N and N > e“**, M € N, if the function f : (Ul\([ ]) — [M]¥ passes Test 3 with probability
agrf/sito(f) =€ > e M then there exists a function g : [N] — [M] such that

> e —4e?.

Pr [f(s) % (5)

Notice that the bound e — 4€? is better than the bound in Theorem 1.1, and it is tight, as
demonstrated by the function f which is a hybrid of 1/e different direct product functions on
equal parts of the inputs. Such function f passes Test 3 with probability €, and every direct
product function is close to f only on an € fraction of the inputs.

We remark that the two theorems are not the same. In Theorem 1.1, there are k different
functions g1, ..., gk : [N] = [M] whereas in Theorem 1.5 there is a single one. Furthermore,
Theorem 1.1 holds for any N, M € N and large enough k, and Theorem 1.5 (and other such
direct product theorems) only hold for N > k. The proofs of the theorems are also different, as
discussed later in the Introduction.
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The proof of the global structure for sets uses the fact that the first query, X UW, and the last
query, Y U V, are nearly independent. These queries are not completely independent, because
Y, W are picked such that Y N W = 0. The difference between the distribution of X UW and
Y UV and the distribution of two independent subsets of size k is bounded by k?/N . This
means that the theorem holds when k?/N < e . For an exponentially small ¢, this implies that
N = exp(k). We have not analyzed the case where N is smaller with respect to k in this setting
(in the main theorem, when f : [N]¥ — [M], there is no requirement that N should be large
with respect to k).

1.2 Restricted global structure

Our proof has two main parts, similar to the structure of the proof of [5, 13]. In the first part, we
analyze only Test 2 and prove a restricted global structure theorem for it, Theorem 1.6 below,
(this was called local structure in [13, 8]). The term “restricted global structure” refers to the
case when we restrict the domain to small (but not trivial) pieces, and show that f is close to a
product function on each piece separately. This is the structure of the function in Example 1.4.
More explicitly, for every A € [k] of size k/10, r € [N]* and y € [M]?, a restriction is a triple
T = (A, r,y). The choice of t = k/10 in Theorem 1.1 is somewhat arbitrary, the theorem can be
proven with t = ck for any constant ¢ < 1/2. The restriction corresponds to the set of inputs

Ve = {w e INIMM£(r,w)a = 7).

Our restricted global structure theorem is that for many restrictions 7, there exists a direct
product function that is close to f on V.

Theorem 1.6 (Restricted Global Structure — informal). There exists a constant ¢ > 0, such that for
every a > 0 and large enough k € N the following holds. Let f : [N]¥ — [M]F be a function that passes

Test 2 with probability agr) /10( f) =€ > ek Let D be the test distribution over T, namely choosing

A c[k],x € [N] uniformly and setting © = (A, xa, f(x)a). Then with probability C)(e), there exists
a direct product function g = (g1, ..., gok/10), gi : [N] — [M] such that,

ak
Pr f(i’, w)[k]\A X g(w[k]\A) weV|=>1- €2 (1.1)

we[N]k\A

A similar theorem was proven in [13] but only for soundness (i. e., €) at least exp(—kF) for
a constant f < 1/2. This was strengthened to soundness exp(—€2(k)) in [8]. Our Theorem 1.6
improves on the conclusion of [8]. In [8] the probability in (1.1) was shown to be at least 1 — O(«a)
(recall that a is a constant), whereas we show it is exponentially close to 1 (when € is that
small). This difference may seem minor but in fact it is what prevented [8] from deriving global
structure via a three-query test (i. e., moving from the V-test to the Z-test). When we try to move
from restricted global structure to global structure, the consistency inside each restriction needs
to be very high for the probabilistic arguments to work, as we explain below.

The restricted global structure gives us a direct product function that approximates f only
on a restricted subset of the inputs. In the proof of the global structure, we use the third query
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to show that there exists a global function. A key step in the proof of the global structure is
to show that for many restrictions 7, the function g, is close to f on a much larger subsets of
inputs. This is done, intuitively, by claiming that if f(x)4 = f(y)a, then with high probability
f(y) = g.(y) for T = (A, xa, f(x)a). Since B is a random set and f(z)g = f(y)g, then f(z), g-(z)
are also close. This claim only holds if the success probability on (1.1) is more than 1 — ¢, else it
is possible that all the success probability of the test comes from f such that f(x)a = f(y)a, but
f(v), g-(y) are far from each other.

1.3 Technical contribution

In terms of technical contributions our proof consists of two new components.

Domain extension Our first contribution is a new domain extension step that facilitates the proof
of the restricted global structure. The restricted global structure shows that with probability
Q(e), the function f is close to a direct product function on the restricted domain V; . A natural
way to show that a function is close to a direct product function is to define a direct product
function by majority value. However, this method fails when the agreement guaranteed for f is
small, as in our case.

This is usually resolved by moving to a restricted domain in which the agreement is much
higher, and by defining majority there. The first part of our proof is to show that with probability
Q(e) over the restrictions T = (4, 7, ), the set V; satisfies the two properties:

1. Its density is at least €/2.

2. f has very high agreement in V; . Informally it means that taking a random pair w,v € V;
which agree on a random subset of coordinates J, then f(r, w); = f(r,v); with probability
greater than 1 — €.

We call such restrictions excellent, following [13].

We show that for every excellent restriction V;, f is close to a direct product function on
YV, . Let f, : Vy — [M]*\ be the restriction of f to V; ,i.e., Yw € V,, fi(w) = f(r, w)ix\a - The
function f; has high agreement, which is good for defining majority, but unfortunately V; is
very sparse in [N]¥\4 . The density of V; can be as low as €/2, which is exponentially small,
and this is where the techniques used in [13] break down. In order to prove that f is close to a
direct product function on V; , we use a local averaging operator to extend the domain from V;
to [N]F\4,

The local averaging operator P% is the majority of a 3/4-correlated neighborhood of V;,

Vw e [NV, ie[kI\A  Psfiw)i= Plurality {fz(v)i},

v ~w, eV, vi=w;
3/4

where v ~ W means that for every j # i independently, we take v; = w; with probability 1/4,
3/4

and a random value in [N] else.
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The domain of the new function is all of [N\ | P% fo : [NJFM — [M]KN\A and it satisfies
the following properties:

1. P% fr approximates f; on V; .

2. Pg f: has high agreement, taking a random pair w, v € [N]¥\4 such that w; = v}, results
in agreeing answers, P% fr(w) = SD% fz(v); with probability greater than 1 — e.

The main technical tool we use to prove these properties is a reverse hypercontractivity argument
from [16]. For every twosets U,V C [N 1¥, Mossel et al. proved a lower bound on the probability
of arandom w € [N]* and v ~3 /4 w to be in U and in V, respectively. We use their result to
prove that for almost all of w € [N]X\ | taking v W ends inside V; with probability at least

poly(e). This allows us to prove that for almost all of w € [N]K\4,i € [k] \ A, the plurality
SD% fo(w); relays on many values of f.(v); , which in turn lets us to prove the two properties above.

Lastly, we define a direct product function g, by taking the plurality over P% fz, and show
that it is close to f; .

Direct product testing in a dense regime A second new element comes when stitching the
many localized functions into one global direct product function, by using the third query.

We prove two global structure theorems, Theorem 1.1 for functions on tuples (ordered lists)
f :[N]¥F — [M]*¥ and Theorem 1.5 for functions on sets f : (UI\(]]) — [M]F.

When we work with f that is defined over sets, we can directly follow the approach of [13] to
complete the proof. However, when working with f defined on tuples we reach a combinatorial
question that itself resembles a direct product testing question, but in a different (dense) regime.
Luckily, the fact that this question is in a dense regime makes it easier to solve, and this leads to
our global structure theorem for tuples.

1.4 Agreement tests and direct product tests

The question of direct product testing fits into a more general family of tests called agreement
tests. We digress slightly to describe this setting formally and explain how direct product tests
fit into this framework.

Agreement tests In all efficient PCPs we break a proof into small overlapping pieces, use
relatively inefficient PCPs (i. e., PCPs that incur a large blowup) to encode each small piece,
and then through an agreement test put the pieces back together. The agreement test is needed
because given the set of pieces (their values and locations), there is no guarantee that the
different pieces come from the same underlying global proof, i. e., that the proofs of each piece
can be “put back together again”. The PCP system needs to ensure this through agreement testing:
we take two (or more) pieces that have some overlap, and check that they agree.

THEORY OF COMPUTING, Volume 19 (3), 2023, pp. 1-56 8
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Figure 1: complete k-uniform k-partite graph

N
vertices

° ° °
Vi W Vi

This situation can be formulated as an agreement testing question as follows. Let V be a
ground set, |V| = N, and let H be a collection of subsets of V, i.e., a set of hyperedges. Let [M]
be a finite set of colors, where it is sufficient to think of M = 2.

A local assignment is a set a = {as} of local colorings as : s — [M], one per subsets € H. A
local assignment is called global if there is a global coloring g : V' — [M] such that

Vs € H, as = gls.

An agreement check for a tuple of subsets sy, .. ., s, checks whether their local functions agree
on any point in the intersection, denoted agree(as,, . . ., a; q) . Formally,

agree(as,, . . . ,asq) S Vi,jelql, x €sinNsj, as(x)= ﬂs]-(x)-

A local assignment that is global passes all agreement checks. The converse is also true: a local
assignment that passes all agreement checks must be global.

An agreement test is specified by giving a distribution D over tuples of subsets sy, ...,s,. We
define the agreement of a local assignment to be the probability of agreement,

a)= P Agi,...,0 .
FO=, B el )
An agreement theorem shows that if 4 is a local assignment with agr,,(a) > € then a is somewhat
close to a global assignment. Agreement theorems can be studied for any hypergraph and
in this article we prove such theorems for two specific hypergraphs: the k-uniform complete
hypergraph, and the k-uniform k-partite complete hypergraph.

Relation to direct product testing Theorem 1.5 is readily interpretted as an agreement test
theorem. As for Theorem 1.1, we next describe a hypergraph on which it can also be interpreted
“geometrically” as an agreement test theorem. Consider complete k-uniform k-partite hypergraph
(see Figure 1). Let G = (V = V1,..., Vi, H) be the complete k-partite hypergraph with |V;| = N
fori € [k], and

H = {(Z)],...,Uk)| Vi € [k],UZ‘ S Vi} .

THEORY OF COMPUTING, Volume 19 (3), 2023, pp. 1-56 9
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There is a bijection between H and [N 1¥. We shall interpret f(x1,...,xx) as a local coloring of
the vertices x1, ..., x¢ . In this way, we have the following equivalence

f:INIF > [M]* &  a={ax}ren.

Moreover, local assignments which are global, i.e., a2 such that a, = g|, for some global
coloring g : V1 U --- U Vi — [M], correspond exactly to functions f which are direct products,

f=(g,...,9x) where g; = glv,,
f=19) — a is global.

Finally, Test 2 can be described as taking 2 hyperedges that intersect on t vertices, and check
if their local functions agree on the intersection. Similarly, Test 1 can be described as picking
three hyperedges, hi, hy, h3 € H such that hy, h; intersect on t vertices, and hy, h3 intersect on a
disjoint set of t vertices, and checking agreement.

Our main theorem, Theorem 1.1, is equivalent to an agreement theorem showing that if a
local assignment a passes a certain 3-query agreement test with non-negligible probability, then
there exists a global assignment g : V' — [M] with which it agrees non-negligibly.

The k-uniform complete hypergraph (it is non-partite, in contrast to the above), is related to
Theorem 1.5. In this hypergraph the vertex set is [N ] and there is a hyperedge for every possible
k-element subset of [N]. Now we have a similar equivalence between local assignments and
functions over sets, i. e., functions where the input is a set S C [N] of size k,

k

An agreement theorem for this hypergraph is equivalent to Theorem 1.5, in which f is defined

Ik ([N]) - [M]* = a={ask vy

not on the set of tuples [N]¥ but on the set of subsets ([Z,\(]]). A global assignment a on this graph
is equivalent to a direct product function over sets, i.e., f =g : [N] — [M].

1.5 Organization of the paper

Section 2 contains preliminary notation and definitions. In Section 3 we prove the restricted
global structure, Theorem 1.6. Section 4 is dedicated to the global structure for functions on
sets. We show how to deduce a variant of Theorem 1.6 for sets rather than tuples and then
prove the global structure theorem for sets, Theorem 1.5. In Section 5 we prove the global
structure theorem for tuples, Theorem 1.1. Lastly, in Section 6 we discuss lower bounds for
various 3-query direct product tests that were not presented in the introduction.

The conference version of this paper had a small gap in the proof that has been thankfully
caught by the careful reviewers and editor, and this has been corrected in Appendix A by
referencing to [12].

2 Preliminaries

For a set A C [k] we denote by A the set [k] \ A.

THEORY OF COMPUTING, Volume 19 (3), 2023, pp. 1-56 10
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k

Definition 2.1. For every 2 strings x, y € [N]* we say that

t
1. x = y if x, y differ in at most t coordinates.

t
2. x # y if x, y differ in more than ¢ coordinates.

Notice that the distance in the above definition is not relative, but it is the number of
coordinates in which the two strings differ.

For a set A C [k], we denote by r € [N]4 a matching from every i € A to an element in [N].
Forr € [N]? and w € [N]4, the string (r, w) € [N ¥ is the string created by taking for eachi € A
the element matched to 7 in 7, and for each i ¢ A the element matched to 7 in w.

Let x € [N]*, we denote by x4 € [N]* the matching which matches each i € A the element
xi € [N].

For x,y € [N]?, we say that x ~ y if for all except at most ¢ coordinates i € A, x, y match the
same value to 1.

Definition 2.2 (Plurality). The plurality of a function f on a distribution D is its most frequent
value

Plurality(f(x)) = arg max{ Pr [f(x) = ﬁ]} .
x~D B xeD

We use a few different Bernstein-Chernoff-type concentration bounds, stated below.

Fact 2.3 (Chernoff bound). Let X1, ..., Xk be independent random variables in {0, 1}, let X = Zle X;
and denote 1 = E[X]. Then for every 6 € (0, 1),

52 U

Pro [X—u>oul<e 3 (2.1)

X100, Xk [
62y

Pr [X-pu<-o6ul<e 7. (2.2)

Inequality (2.1) appears as [10, Eq. (6)] and [15, Thm. 4.4.2]. Inequality (2.2) appears as [10,
Eq. (7)] and [15, Thm. 4.5.2].

We use two variants of this bound for sampling without replacement. The next variant
follows from combining Fact 2.3, Eq. (2.2) with Hoeffding’s generic reduction from sampling
without replacement to a sum of independent variables, [11, Theorem 4].

Fact 2.4 (Hoeffding bound for random subset.). Let C be a set, and let B C C be subset. Suppose we
pick a random subset S C C of size n < |C|, then for every 6 € (0,1)

|B|n _1B|ns?
Pr{[BNS|<(1-96)—| < 2T,
rlBsi< -0l <e

We also use the following result by Hoeffding.
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Fact 2.5 (Hoeffding’s inequality for random sampling without replacement, [11, Theorems 1 and
4]). Let C = {c1, ... cx} be a multiset of k values, c; € [0,1], and let X1, ..., Xy, be n random samples
without replacement from C. Let X = Z;‘Zl X; and denote u = E[X], then

t2

2
P X—u>t]<e .
X1,~-~I:Xk[ K I<e

The random variables in Hoeffding’s bounds for random variables without replacement
are not independent, but they are not independent in a very specific way, of being without
replacement. In addition to these bounds we also have the following bound for random variables
that are not independent. This bound appears as Theorem 1.1 in [12].

Fact 2.6 (Generalized Chernoff bound [12, 17]). Let X1, ..., Xx be random variables in {0, 1}, let

X = Zle X;. If there exists 1) € (0, 1) such that for every S C [k], Pr[AjesX; = 1] < !, then for every
y €m1),

Pr [X > yk] < e 2K0m07,
Wy Xz ykl<e

2.1 Reverse hypercontractivity

Definition 2.7 (p-correlated distribution). For every string x € [N]* and constant p € (0, 1), the
p-correlated distribution from x, denoted by y ~ x, is defined as follows. Each i € [k] is inserted
pJ

into | with probability p, independently. The stfing y is chosen such that x; = y;, and the rest is
uniform. In some cases, we omit the subscript J.
We quote Proposition 9.2 from [16]:

a 2

Proposition 2.8. Let A, B C [N]¥ of sizes Pryenik[w € Al = €77 and Pryenpe[w € B] = e 7.
Then

[N]

_ (2-p)@3+b2)  pab
Pr [xeA,yeB]l>e 0 20y,
x€[N]F,y~x
14

By changing notation and simplifying, we get the following corollary.

Corollary 2.9. For A,B C [N]*, |A| > |B|,

o 3
Pr [x€AyeB]> Pr [xeA]l @9 Pr [xeB] T,
xe[N]k,y;x x€[N]k x€[N]k

Proof. |A| > |B| implies a < b, we know that

_ pab _ sz L
e 2l-p) >e 2(1-p) = Pr [x € B] =p
x€[N]x
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Similarly
@op)a®?)  2p (g2 12 I Y R
e_ 4(1-p) = e2(-p) ( 22 ) = e(1+2(1_ﬂ)) ( 2 2 ) =
T+ 52— T4 5
Pr [x e B] 2 Pr [xe A] 20,
xe[N]k x€[N]k
Together we get

P 3p
Pr[xe A,yeB]> Pr [xe€ A]1+2(1—p) Pr [x e B]1+2(1—p) .
Y x€[N]* xe[N]k

3 Restricted global structure

In this section we prove the restricted global structure theorem, Theorem 1.6, which we restate
formally below as Theorem 3.9. Let f : [N]¥ — [M]F be a function that passes Test 2 with
probability €, i.e.,

agryyo(f) =€ > e~cok,
We show that such f already has some direct product structure, namely that there are restrictions
of the domain [N]* such that f is close to a direct product function on each of the restricted
parts.

Definition 3.1 (Restriction). A restrictionisatriplet = (A, r,y),for A C [k],|A| = k/10,r € [N]*
and y € [M]4.

Definition 3.2 (Consistent strings). For every restriction 7 = (A,r,7), a string w € [N]4 is
consistent with 7 if f(r, w)a = y. For every t, let V; be the set of consistent strings,

Ve =fwe INV| f,w1a =y} .

Definition 3.3 (Restricted function). For each restriction t = (4,7, y),let f; : V; — [M ]A be the
function

fT(w) = f(?’, w)A_ .

Definition 3.4 (Distribution over restrictions). Let D be the following distribution over re-
strictions 7. Pick a uniform set A C [k] of size k/10, pick a uniform x € [N]* and output

T= (AI xA/f(x)A) .

Note that the distribution D depends on the function f.
We define good restriction in an analogous way to the definitions of [13].

Definition 3.5 (Good restriction). A restriction 7 = (A, r,y) is good, if Pr [N} [weV]>e/2.
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Definition 3.6 (a-DP restriction). A restriction T = (A, r, y) is an a-DP restriction if it is good,
and there exist functions g; : [N] — [M] for each i € A such that, denoting g = (9i);c 7,

Sez.

Pr |f(w) % g(w)

we[N]A

w eV,

Remark 3.7. The parameter a can be viewed as slack. It is the amount of disagreement we are
willing to tolerate between two tuples, while still considering them in agreement.

We define a local averaging operator. Notice that the operator is not linear.

Definition 3.8 (Local averaging operator). For every p € [0, 1], let $, be the following (non-linear)
operator. For every subset V; C [N 14 and function h : Ve — [M]#, the operator takes  to the
function Pyh : [N 14 — [M]A satisfies Vi € A, w € [N]4,

Poh(w); = Plurality (h(v);) .

v~ws.t i€]
)

We define plurality over an empty set to be an arbitrary value.

In the proof of the restricted global structure we use the operator $, with p = 3/4, which
we denote by P to simplify notation. Clearly 3/4 is an arbitrary constant, our proof works for
any constant p > 1/2.

Our main theorem of this section asserts that (a) a non-negligible fraction of restrictions are
good, and that (b) almost all good restrictions are DP restrictions.

Theorem 3.9 (Restricted Global Structure, formal). There exists a small constant ¢ > 0, such that for
every constant a > 0 and large enough k € N the following holds. For every function f : [N]¥ — [M]F,
ifagry ,o(f) = € > e™*  then

p ] d] >
P [t is good] >

N ™

and

P% [T is an a-DP restriction | t is good] > 1 — €.
T~

A similar theorem was proven in [8] under the name “local structure”. Under the same
assumptions [8] showed that f must be close to a product function for many pieces V; of
the domain. However, the closeness was considerably weaker: unlike in our definition of
a DP restriction, in [8] even in the restricted part of the domain, V; C [N 1¥, there could be
a (small) constant fraction of the inputs on which f differs from the product function g. In
contrast, we only allow an €2 fraction of disagreeing inputs, which is necessary for the ensuing
global-structure argument.

Parameters. In the proof of the theorem we use several values for the slack parameter «, that
are constant multiples of each other, which we denote by a, a1 etc. These constant factors are
not important, and the reader can treat all a; as “similar to a”.

We prove the theorem in Section 3.1, using lemmas that are proven on Section 3.2, Section 3.3
and Section 3.4.
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3.1 Proof of Theorem 3.9

Let f : [N]¥ — [M]* be a function that passes Test 2 with probability €. The test can also be
written as: choose T = (A, 7,7) ~ D and a uniform w € [N]4, and accept if f(r,w)s = 7.

€= le% [test passes | T is chosen| < le% [7is good] -1+ g,

because the success probability of the test on a restriction T which is not good is at most €/2.
Therefore,

Pr [7is good| >

Pr . (3.1)

N ™

Fix ag = ﬁa.

Definition 3.10 (Excellent restriction). A good restriction 7 = (A,r,y)is excellent if for p = 3/4

and for p = 9/32 the following holds. Choose w € [N]* uniformly and v ~ w then,
Pl

apk a
Pr |w,v € V; and f(w); # fr(0)r] < e_%ok 2 U (3.2)

w,o,]

Lemma 3.11. A good T ~ D is excellent with probability at least 1 — €*.

The proof of the lemma appears on Section 3.2.

To prove Theorem 3.9 it is enough to show that every excellent restriction is an a-DP
restriction. A natural idea is to define a direct product function by taking the plurality of f; on
V: , because the agreement of f; inside V; is almost 1. However, it is difficult to prove that this
function is close to f; because the set V; is very sparse. Instead, we prove that P f; is close to f;,
and that P f; is close to a direct product function. Fix a1 = 10ay .

Lemma 3.12. For every excellent T,

Pr [fT(w) WP (w) ‘ we V| <eéd.

we[N]A

The proof appears in Section 3.3 and relies on reverse hypercontractivity.
Fix ap = 1500q .

Lemma 3.13. For every excellent restriction T there exists a direct product function g = (g1,...,97),
gi : [N] — [M] such that

< 3¢e*.

Pr |Ph(w) %E g(w)

we[N]A

The proof is in Section 3.4.
The two lemmas above, Lemma 3.12 and Lemma 3.13, imply the following claim.
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Claim 3.14. Every excellent restriction 7 is an a-DP restriction.

Proof. Fix an excellent restriction 7. Let g = (91,...,93), 9: : [N] = [M] be the direct product
function promised from Lemma 3.13. For an excellent 7, Pry, [w € V;] > 5. Therefore, the

k
probability of P f(w) aaze g(w) is small even when conditioning on w € V; . By Lemma 3.13

3¢*> Pr
we[N]A

Pr(w) 5 g(w)]

ark
> Pr [weV,] Pr_ [PfT(w) # g(w) ' w € (VT]
A we[N]4

we[N
€ Ozzk

>— Pr [PfT(w) # g(w) ’ w e (VT] . (3.3)
2 we[NJA

By the triangle inequality,

(a1+az)k

l;r fr(w) % g(w) ' w €V,

<Pr
w

ﬂ@ngﬁWWweVJ

+ Pr
w

ark
Pﬁw)égmﬂwewq
<€ +6€% < €. (by (3.3) and Lemma 3.12)
By definition, f:(w) = f(xa,w)j, so from the above equation

(a1+an)k

(a1+az)k 2
I;r flxa,w); % gw)|weV; :I;r fr(w) % gw)|lweV| <e”.

Since a7 + a» < a we are done. O

In the proof we see that a random restriction 7 ~ D is good with probability €/2, and
that a good restriction is excellent with probability 1 — €2. From the claim above, an excellent
restriction 7 is an a-DP restriction, which finishes the proof.

O

3.2 Good restrictions are excellent with high probability

In this section we prove Lemma 3.11, which states that a good restriction is excellent with high
probability. We start by showing that when averaging over 7, f; is consistent in V; .

Claim 3.15. Forevery p € (0,1),lett~ D, w € [N]A and v ~ w, then

pJ

apk _agk
Pr |w,v eV, fr(w); # fr(v)j| <e .

T,w,0,]
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Proof. Denotet = (r,A,y). LetE1(r, A, w, v, ], y) be the event that we are interested in bounding
its probability, namely, the event

f(r,w)a=f(r,v)a=y and f(r,w); aaoek f(r,v).

When r, w,v, A, ] are all random, the probability of a uniform A, ] to be such that f(r, w), f(r,v)
are equal on A but are far on | is very small.

k
Let Ex(A,r,v,w,]) C E1(A,r,v,w,],y)be the event that f(r, w)a = f(r,v)a and f(r, w); aaoé

f(r,0).
Fix p € (0,1). We start by bounding the probability of E; under the distribution 7 ~ D,

we [N uniformly and v ~ w. Writing the distribution explicitly:
p.

1. Pick A c [k] of size k/10.

2. Pick x € [N]¥,setr =x4and y = f(x)a.

3. Pick | ¢ A of size B(9k/10, p) (binomial random variable).
4. Pick uniform w,v € [N]A such that wy = vy .

Notice that E; is independent of y, so it does not matter how ) is chosen. We can define an
equivalent process for producing the same distribution (without y):

1. Pick aset A’ C [k] of size k/10 + B(9k /10, p).
2. Picky,z € [N]¥ such that YA =za.

3. Pick A € A’ of size k/10.

4. Setr=ya,w=yzandv=2z;.

Let
D={ieA"| f(y)i# f(2)i}.

E; occurs only if AN D = 0 yet [D| > aok.

As the second random process allows us to see, A is a uniform subset of A”. Let iy, ...1)4| be
an arbitrary order over the elements of A. We can think of A as being chosen incrementally,
each i; is chosen randomly from A"\ {iy,...,ij-1}.

PriAND = 0] =Pr [i1, ... 44 ¢ D] (3.4)
:Pr[i1¢D]'Pr[i2¢D | i1¢D]~'~PI‘[i|A| ¢D|i1,...,i|A|_1¢D]

S(l — (Xo)lAI < e—060|A|
where we use the fact that for every i;, Pr [i]- ¢ D | i1...0j1 ¢ D] <1-ag,since |D| > apk.
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apk
The bound in (3.4) holds for each A’ such that f(y)a # f(z)ar, therefore also on average,

PriEal = Pr |Fla ¥ Flehw and fa = f(aa| < el

apgk
We conclude that Pr[E;] < Pr[E;] < e @4l < e |

Proof of Lemma 3.11. For every restriction T and w,v € [N ]A let E(t,w,v,]) be the event that

aok
w,v € Vyand fr(w); # f:(v)).
For every 1 that is good but not excellent, there is p € {3/4,9/32} such that

Pr [E(t,w,v,])] > u.

)

In this case we say that 7 is bad for p.
Assume for a contradiction that Pr;.p [T is good but not excellent] > €3/2. These fail to be
excellent because of at least one of the choices of p, so either for p = 3/4 or for p = 9/32,
&3

: 5 €
le% [T is bad for p] > 1

For this p,

3

€
Pr  [E(t,w,v,])] 2 Pr [7isbad f Pr [E(t,w,v, is bad for p] > —p.
T~D’wljv~]w[ (t,w,v,])] r~§)[T is bad for p]w,v;]w[ (t,w,v,]) | tisbad for p] 1
pr B

This contradicts Claim 3.15, because €3 [4-u = e_% ,as ag = 1600a. Therefore, we conclude
that Pr.p [’c is good but not excellent] <e3)2.

Finally, since 7 ~ O is good with probability at least €/2, by averaging a good 7 ~ D is
excellent with probability at least 1 — €2. O

3.3 Local averaging operator

In this section we prove Lemma 3.12, which states that for every excellent 7,  f; approximates

fr- ] i
Fix an excellent 7, and let L C [N]4 be the set of “lonely” strings in [N]4, those that have a
sparse neighborhood in V; . We fix te sparsity parameter 1 = €°°, and define

L= {w e [N]A

Pr [ve(VT]Sn}.
v~ W

3/4,]

There is a trade off between the “sparsity” parameter 1 and the bound on the size of L. The
sparsity parameter is chosen to make sure that Pr,, i[w € L] < €'?. These powers of €
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are derived from our arbitrary choice of defining # f; as the plurality of a 3/4-correlated
neighborhood.

In addition, the success probability of the test € should be large enough to promise that u/n?
is small.

Claim 3.16. Prwe[N]g [we L] <el®

Proof. We prove the claim by using Corollary 2.9 on the sets L,V . Denote by pr. = Pr,,\ilw €
Lland p = Pr, (nj [w € V;]. Since 7 is excellent, p > €/2.
Assume for a contradiction that |L| > |V,]|,i.e., pr > p. By Corollary 2.9
S u €\3 e\
Pr  [welLveV]2p/p2 2(—) (—) .
we[NA, v ~w 2 2
3/4

By the definition of L

Pr [welLveV]< pLeSO , (3.5)

we[N]A,v ~4w

and we reach a contraction.
Therefore, p;, < p. By Corollary 2.9,

u s e\: u
Pr [weL,ve(VT]prpfz(—) re -
we[N]4,v ~w
3/4
Equation (3.5) still holds, so combining the two bounds on Pr, [NJAo~ LW €L veEV],
3/4

u

(ot enen

Nl

That is p. < 262503 < €10, u

The local averaging operator P f; takes the plurality vote over v Y conditioning on
3/4]
v eV,. Ifwepickv ~ w without conditioning on v € V;, then each i is in | with probability
3/4]
3/4. For w ¢ L, taking v 5 w conditioning on v € V;, we get that for most 7, i € | with
3/4]

probability that is close to 3/4 .
Claim 3.17. For every w ¢ L and all except agk of the coordinates i € A,

3 1

Pr [[2iloeVil> -5

v~ w
3/4,]
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Proof. Fixw ¢ L. Let D be

1
[]31|UE(V] E}
3/4]

Assume for a contradiction that the claim does not hold, i.e., |D| > agk.
agk
By the Chernoff bound (Fact 2.3), Pr, - o [[IDN]| < (3 - %)ID|] < e . Forw ¢ L,
3/4]

»PIUJ

D:{ie[k]

conditioning on v € V; increases the above probability by a factor of at most 1/1. That is,

3
< |z - —
Z)131rw[|D NJ| < (4 20)|D|
3/4,]

ve(v]< —e 90

aok

50.¢7%0 < . Thatis,

agk
The constant c in is chosen to be small enough to promise that %e'% =€

] N D| > (3 - &) ID| almost always.

If J issuch that|JND| > (3 — 55) ID|, thenarandomi € D has probability of at least (3 — %)
to be in J. Therefore,

3 3 1
P ] > P DNJl<|--—||D
o FrplicellveViz Pr diD Al (4 20)| | UE(V}(AL 20)
3/4,] 3/4/
1 3 1
>(1 - _ =
(1 €)(4 2o)>4 K
which is a contradiction to the definition of D. O

Proof of Lemma 3.12. Fix an excellent restriction 7. Recall that for an excellent restriction 7,
Prwe[N]g[w € V] >e€/2and

aok
Pr [w,v €V, and h(w); # h(v) (3.6)

Let B be the set of “bad” inputs,

Pr [v €V, and fi(0) % f.(w)

3/4]

. . 10
By averaging on equation (3.6), Pryey, [w € B] < = < %63 .

> Lt
_10}
=5

Recall L is the set of lonely inputs. By Claim 3.16, Pr,,yj<[w € L] < €'°. Since 7 is excellent,

el ¢

< —=.
2

3

Pr [wel] <
weVy

N
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Together, the probability that a random w € V; is in B or in L is smaller than €3 . Therefore,

to prove the lemma it is enough to prove that for every w € V; \ {BUL}, f.(w) o P fr(w).
Fixw € V; \ (B U L). Denote by D the set of coordinates on which f;(w), P f(w) differ,

D ={icA| fi(w); # Pfe(w)} .

Assume for a contradiction that |D| > a1k. Forv € [N]A,] cAandiec A, letE(v,],i)be
the event
i€] and fi(w) # fx(v);.
We reach a contradiction by upper bounding and lower bounding the probability of E under the

distributioni € D and v ~ w, given thatv € V;.
3/4]

Lower bound. The function P f; takes the most common value f;(v); for v ” w. By definition,
3/4,]

the set D contains all of the coordinates i such that f;(w); is not the most probable value f;(v);,

when v ~ w. Therefore for everyi € D,
3/4]

. (3.7)

N —

z)Ier [fe(w)i # fr(v)i |i€],veV]>

3/4,]

To lower bound the probability of E we need to lower bound the probability of i € J. When
picking v v each i isin ] with probability 3/4. From Claim 3.17, for all except gk coordinates,
3/4,]

the probability of i to be in | is not much different, it is at least 3/4 —1/10. Let D" C [k] be the set
of coordinates in which Pr[i € J] is lower than 3/4 — 11—0 , then |D’| < apk < 1/10|D|. Together
we get that

. (3 1) _1
> 2o |s=z.
iep}z:/zw[lellve%]—1-125[1¢D](4 10)>2

From the two equations above,

Pr  [E(v,],i)|veV,]= Pr b [i € Jand fr(w); # fr(v)i | v € V]
i i€

v ~ w,ieD
3/4,]

= Pr D[i €ef|v E(VT]UIer[fT(w)i # fr(v)i|ie],veV]

v~ w,i€

3/4,] 3/4,]
Ji11_1

2 2 4

Upper Bound. Forw € V; \ (BU L), the following two equations hold: Pr, - , [v € V] > 1

3/4,]

aok
and Pry, ~ 4 |v € V; and f:(v); a% fr(w)r| < 1'7—0. Combining the two equations,
3

4]

1
veVe| <55 (3.8)

r oy % o
3/4,]
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k
Suppose f:(v); % f(w); , our assumption is that |[D| > a1k = 10k, so a uniform i € D is
in the agk coordinates in which f;(v);, f;(w); differ with probability at most 15 . This lets us
bound the probability of E:

k
Pr  [E(v,],i)|veV]< Pr [fT(v)] 0;06 fo(w)y |v € (VT]
v ~ w,ieD U~ W
3/4,] 3/4,]
k .
+ NI';rieD [ff(v)] R fe(w)yand i € J and fi(w); # f(v)i |v € (VT]
3/4)
1,11
~—10 10 4

The upper and lower bounds contradict each other so for allw € V; \ (BUL), |D| < a1k and
fr(w) U4 P f.(w) . Since Pry,[w € BU L] < € we finish the proof. |

3.4 Direct product function

In this section we prove that # f; is close to a direct product function, proving Lemma 3.13.
We start by defining the candidate direct product function, which is the plurality vote of

P f-.

Definition 3.18. For every excellentt = (A,r,y),letg, : [N ]A — [M]A be the following function:
foreveryi ¢ Aand b € [N],

gr,i(b) = Plurality {Pf(w)},

we[N]A s.t. wi=b
ties are broken arbitrarily.
Set a3 = 20ay .

Claim 3.19. For every excellent t,

Pr PR Y Ph)| > 1-360.

we[NJA, v ~ w
1/2,]

Proof. The proof is similar to the proof of Lemma 3.12. Its main idea is that if £ f;(w) and P f.(v)
disagree on a lot of coordinates, then a large fraction of their 3/4-correlated neighborhoods also
disagree on a lot of coordinates. This can only happen for very few inputs w, v, otherwise we
contradict the fact that 7 is excellent.

Fix an excellent 7. Let C be a set of “bad” triplets,
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wherew’ ~ w,v’ ~ vandJ=]NnJ' NJ".
3/4,)" 3/4,)"

If (w, v, ]) are distributed such that w is uniform in [N 1% and v py then the marginal
1/2,]

distribution over w’ is uniform, and v ~ w’. This is because for every i independently, the
9/32,]

probability of i tobein ] = J N ] N J"is (3/4)%- (1/2) = 9/32.

k
Since 7 is excellent, Pr,, i, o w [w’,v’ € Vz, fr(w')y 0;06 fr(@);| < p. Therefore by
9/32,]

. 10
averaging, Pr, .\1i, - o [(w,v,]) e C] < n—f < €l0

12]
Recall that L is the set of “lonely” inputs, those with sparse neighborhood. From Claim 3.16,

Pr i [w € L] < e’

We prove next that for every w, v, ] such that (w,v,]) ¢ Cand w,v ¢ L, P fr(w); % Pfe(v)r.
This proves the claim since by a union bound argument,

Pr [((w,v,]) e Corw e Lorv e L]

we[NA,0 ~ w
1/2]

<2 Pr [wel]+ Pr [(w,v,]) € C] <3e'.

we[N]A we[NJA, v ~ v
1/2,]

Fixw, v, ] such that w; =v;, w,v ¢ Land (w,v,]) ¢ C. Let D C ] be the set
D={ie]| Pf(w) # Pf:(v)i} .

Assume for a contradiction that |[D| > azk.
Forevery J',]” Cc A,w’,v" € Vandi € A, let E(J',]”, w’,v’, i) be the following event:

fr(@"); # fr(v); and i€ NJ”.

We reach a contradiction by giving an upper bound and a lower bound of this event, under the

distribution i € D, w’ ~ w and v’ ~ v, given thatw’, v’ € V;.
3/4,] 3/4,]

Lower Bound. Foreveryi € D, P fi(w); # Pf(v);, i.e., the most frequent value f;(w’); for
w’ W is different from the most frequent value f;(v"); for v’ ~ - Therefore, for every i € D,
3/4 3/4

, (3.9)

N| =

Pr [fr(@")i # f(0)ilie]' n]",w', v eV] 2>

w ) )

wherew’ ~ wandv ~ v.
374, 3/4,)"

To finish the lower bound, we need to lower bound the probability of i € "N ]”, for w’ by w
3/4,]

and v" ~ o given that w’, v’ € V. Without conditioning on w’, v’ € V;,eachiisin ]’ N ]’
3/4,]”

with probability (3/ 4)* . We show that the probability is not much lower even when conditioning
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onw’,v" € V;. From Claim 3.17, for all except apk of the coordinates i € A, the probability of i
to be in ]’ is at least 3/4 — 1/10. Let Dy be the set of coordinates such that Pr[i € '] < % - 11—0
and let Dj» be the equivalent set for ] . Then |D \ (Dy U Dj»)| > 20agk — agk — aok .

3 1\ 1
P eI'Nn["1>Pr|li¢DypNDp||=——=] >=.
ieDw’ ~ ZJ,U’ ~ v[Z Foyl= ielg [l ¢y I ] (4 10) 3

34y 34"
Combining the two equations, we lower bound the probability of E, under the distribution
ieD,w ~ wandv ~ v,

3/4,) 3/4,5"
Pr [E(, ], w00 w0 eVl = Pro [ie] n]"|w,v € V]
iw’ ] o] i ']'Z)’]"
- ], e [fr(@'); # f:(0)i | W', 0" € Vp,ie] n]”]
1 1_1
> =2 =
3 276

Upper Bound. The fixed w, v, | satisfy Pryy . , [0 € V] > nand
3/4,///

o|:’N

Pr [w v" € Vrand fr(w'); 38 fe@);] <

w ~ w,v
3/4,] 3/4,]"

where =N NnJ".
Therefore,

1
< —.

w ~ w,v’ 10
3/4,) 3/4,]"

apk
HNUPWWiﬁWHWMe%

aok
Dl = =

If fr(w’ ) iR fT(U')] , then a uniform i € D has probability of at most
be in a coordinate in which f;(w’), f;(v’) differ. Therefore,

1 1 1
p E(T, 1" LI I
wepw S8 JEULT WL w0t e Ve S qa o <

Y
which contradicts the lower bound. This completes the proof of Claim 3.19. O
Claim 3.20. For every excellent t,

Pr [Pfi(w)i=Pfr(v)i | wi=vi] =21-10a3.
ieA,w,ve[N]A

Proof. Fix an excellent 7. Claim 3.19 proves the agreement of  f; on correlated inputs. In this
claim, we prove its agreement on uncorrelated inputs.

Let O’ be the distribution of picking u, v, w € [N ]A and i € A defined as follows.
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1. Pick a uniformi € A.
2. Pick uniform w,v € [N]A such that w; = v; .

3. For every j # i, insert j into | with probability 1 independently.

- =
4. Forevery j € Asetu; = wi J€] .
v; else

The distribution D’ produces w, v that are uncorrelated except that w; = v;. The pair w, u are
nearly 1/2-correlated (the only difference is the coordinate 7 in which u; = w; with probability 1).
We prove the claim by applying Claim 3.19 on the correlated pairs u, w and u, v, and get that with
high probability £ f.(u); = P f:(w); and P f(u); = P f:(v)i , deducing that P f(w); = P f-(v); .
The marginal distribution on w, u in O’ is very close to 1/2-correlated. The only difference
between the marginal distribution of w,u,J,i ~ D’ and u o w is that in O/, w; = u; with

probability 1 and not 1/2. In Claim 3.23 we prove that the probability of any eventonu ~ w

1/2]
can increase by at most a factor of 2, for u, w, | U {i} produced by D’ .
Therefore, we can use Claim 3.19 on w, u, |, i ~ O’ and pay a factor of 2,

ask
Pr | Pf(w)uu # Pl | <2-3€". (3.10)
w,u,f,i~D’

The same holds also for v, u, A\ J,i ~ D’ .
For w,u,J,i ~ 9’ the coordinate i is a random coordinate in | U {i}. Therefore, if

P fo(w)rugiy ¥ P fr(u)juqiy , then the probability of i be be such that P f.(w); # P f.(u); is

ask

at most 5y - Bach j # i is in | with probability 1/2 independently, which lets us bound the

size of | by the Chernoff bound, Prj[|]| < k/4] < e#%w <e€.If|J| > k/4, then the probability
of arandom i € | to fall into the a3k disagreeing coordinates is at most 4a3k . Therefore,

k ask
P PR PR S | P ]| < G orPh@ug # PR

+4ask < 6€'¥ + € + 4azk < 5ask. (3.11)

The same holds also for v, u, A \J,i. _
Therefore, from equation (3.11) onw, u, [,iand v, u, A\ ], i,

ZIE’E [P fr(w)i = P fr(v)i | wi =vi] = i,w,£5~1)’ [Pfe(w)i = Pfr(v)i = P fr(u)i]
w,ve[N]A

>1—-5a3 —bas.
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Claim 3.21. For every excellent T,

Pr  [Pfi(w)i = g.(w)]] >1-20az.
we[N]4,icA

Proof. Fix an excellent 7. The function g, is defined as the plurality of #f;. This means that
for every w € [N]* and i € A ifP fr(w)i # g-(w); , then P f.(w); is not the most frequent value
P f(v); among all v such that v; = w; , i.e,, Pr,(ni [P fe(w)i = P fr(v)ilw; =v;] <1/2.

This implies that

1
Pr  [Pfi(w); # Pfe(v)i | wi =vi] > 5 Pr , [Pf(w)i # g (w)i] .
w,ve[N]A,icA we[N]4,ieA

Therefore, by Claim 3.20,

Pr _[Pfi(w)i # g(w)i] <20azk. m|

we[NJA,ieA
Proof of Lemma 3.13. Fix an excellent 7. For every w € [N ]A ,let D,, C A be the set of coordinates
Dy ={ie A| ge(w)i # Pfe(w)i} .
LetC C [N ]A be the set of inputs in which g, is close to P f,
C= {w e [N]A’ IDy| < 25a3k} .

By Claim 3.21 ar_ld averaging, Pr,[w € C] > 1/5.
Let B C [N]4 be the set of inputs in which g., P f; are far from each other,

B ={w e [N]¥| Dyl > azk} .

Notice that BN C = ¢ but there can be inputs that are neither in B nor in C (because a; = 1500arg
and a3 = 20ay).
By Corollary 2.9,

Nl
Nl

Pr [weBoeCl> Pr [veC]} Pr [weBl}>—~ Pr [weB]:.

Y ve[N]A we[N]4 12 A

We will show that P f; has large disagreement on almost every 1-correlated pair w, v such that
w € B,v € C, which lets us bound the size of B.
Typically, for v P w, we get that [] N Dy| = |Dy|/2. The probability of |[J] N Dy|
1/2,]

(1/2=1/10) |Dy| is neérly 1, by the Chernoff bound, Pr;, - ¢ [|] N Dy| < (1/2 =1/10) |Dy|]
12

\%

IA

o352 21D0]
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k
Ifw € Bando € Cand [JNDy| > (1/2 - 1/10) | Dy, it must be that P f, (w); # P f(0); . This

k
is because for v € C, P f(v); =% go(w);. Forw € B, |Dy| > azk, if || N Dy | > (1/2 = 1/10) axk,

30ask
then | N Dy| > 30azk, i.e., Pf(w); ;3 gc(w);. The function g, is a product function,
30ask
s0 ge(w)) = g(0)y. So if Pfe(w); % ge(w); and Pfa(v) ~ X" ge(w);, it must be that
ask
Pl(w); # Pfe(v).

From the two equations above,

1 1 1
Pr [w € B,v e Cand | N Dy| > (— - —) |Dw|] >— Pr [we B]g — e~ %k (3.12)
we[NJAv ~ w 2 10 2

. azk 50 _
That is, Prwe[N]A,v]/E]w [PfT(w)] # PfT(v)]] > %Prwe[mg[w € B]z —e ok,

k
From Claim 3.19, Pr,c\ja - o [PfT(w)] a;e P f(v);| < 3€'0. Therefore,
12

1
— Pr [we B]; —e % <310, (3.13)
12 yenyi

This means that Pr_| €[N} [w € B] < 3e*, and completes the proof of Lemma 3.13. O

Finally, we are left with proving the following claim, relating the standard 1/2-correlated
distribution to an almost correlated version in which one extra random coordinate is identical.

Definition 3.22. For every x € [N 14, we say that y is almost 1/2-correlated with x, denoted by
~ X iit is chosen by the following process:
12
e Choose a uniform i € A and set | = {i}.
e Insert any j # i into | with probability 1/2 independently.
e Set y; = xj, set the rest of y to be uniform.

Claim 3.23. For any event E(y, x,]) over x,y € [N]A and ] C A,

, Pr [E(y,x,])] < 2y Pr [E(y,x,])] .

e[N]k,x ~
1/2,J4 [N] Y

Proof. Fix E(x,y,]) to be any event. For every x € [N 1%, let By contain the tuples (x, J) such that

E(x,y,]) happens.
Fix x € [N]*. For each (y,]) € By , by the definition of %—correlation,

IJl k=1J1 k=1J1
wien-wn-(z) (3 (%) -
12)
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For z, ]’ that are almost %—correlated toy:

[JI-1 k=] k=]
raen-on- BB

1/2,]/4

Therefore,

Pr (@ )) =@ D2 Pro[]) = ()]

1/2,)4 172)
This implies that

Pr E(y,x,])] = P x,J)eB,| £2 P x,]) € B,|,
yeIN]F x ~ y[ s ye[N]k,>f ~ y[( D y] yE[N]k,rx ~ y[( D y]
1/2)4 12,74 1/2]

which finishes the proof. O

4 Global structure for sets

Up until now we have considered functions f : [N 1¥ — [M]* whose inputs are ordered tuples

(x1...,x¢) € [N]F. We now move to consider functions f : ([II\(]]) — [M]* whose inputs are

unordered sets {x1,...,x;} € (Ul\f ]) . In this setting assume that N > k (for tuples no such

assumption is made).

To each subset S = {s1, ..., s} the function f assigns f(S) € [M]*. We view f(S) as a “local
function” on S, assigning a value in [M] to every a € S. We denote by f(S), the value that f(S)
assigns to a. For a subset W C S, we denote by f(S)w the outputs of f corresponding to the
elements in W.

There are straightforward analogs to Theorem 1.1 and Theorem 3.9 which we present and
prove in this section. Interestingly, in the case of sets deducing global structure from restricted
global structure is quite easier than it is for tuples.

First, let us present the Z-test for sets from [13] when t = k/10. Let agrz“”

f /10( f) be the success

probability of this test. This is the same test as Test 3 from the introduction with t = k/10.
For convenience, we write again Theorem 1.5 from the introduction.

Theorem 4.1 (Global Structure for Sets, restated). There exist a small constant ¢ > 0, such that for
every constant A > 0, large enough k € N and N > e“**, M € N, if the function f : ([I]\J]) — [M]F

Zset (f) = € > e N, then there exists a function g : [N] — [M] such

passes Test 3 with probability agr, 710

that

> e —4e’.

Pr [f(s) % 9(5)

To prove the theorem, we first “translate” the restricted global structure theorem for tuples
to a theorem on sets, and then use it to prove the global structure.
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Test 4: Z-test for functions over sets, with t = k/10 (3-query test)

1. Choose a random set W C [N] of size k/10.
X 2%
2. Choose random V,W,X,Y c [N], such that
[W| = |V| = k/10, |X| = |Y| = 9k/10 and
XNW=YNW=YNV=0. % v

3. Acceptif fF(XUW)w = f(YUW)w and
FOYUW)y = FY UV)y .

Zset
k/10

Denote by agr: 5" (f) the success probability of f on this test.

4.1 Restricted global structure for sets

We define analogous definitions for good restrictions and DP restrictions for functions on sets.
To make the reduction proof simpler, we use a constant 1 € [1 - k2/ N, 1] (i.e., almost 1). Fix a

function f : ([II\(I]) — [M]F such that agrf;i’o(f) =e>e Mk,

Definition 4.2 (Good pair). A pair X, W c [N], |X] =9k/10, |W| = k/10, X "W = 0 is good if
Prf(XUW)w = fF(Y UW)w | YN W = 0] > %n-

Definition 4.3 (a-DP pair). A pair X, W C [N], |X| =9k/10, |[W| = k/10, X "W = @ is an a-DP
pair if it is good, and if there exists a function gx,w : [N] — [M] such that

Pr|f(Y UW)y W gxw) | YNW =0, F(XUW)w = F(Y UW)w | <262

Notice that in the case of a function on sets, there is a single function gx,w : [N] — [M],
instead of 9k /10 different functions in the case of tuples.

Lemma 4.4 (Restricted global structure for sets). There exists a small constants ¢ > 0, such that for
every constant a > 0, large enough k € N and N > e“*k, M € N, the following holds.

For every function f : ([I]\J]) — [M]F, ifagrf/sifo(f) =€ > e then at least (1 — €* — k*/N) of
the good pairs W, X are a-DP pairs.

This lemma is an analog to Theorem 3.9, and we prove it by a reduction from it. For every
f: (UZ ]) — [M]F we define a function f” : [N]¥ — [M]* U L that equals L if the input has two
identical coordinates, and identifies with f everywhere else. For N > k, almost all inputs don’t
have two identical coordinates, and f’, f are equal on these inputs.

Using Theorem 3.9, we derive a restricted global structure on f’. Since f equals f" almost
always, we find an equivalence between an a-DP pair X, W to an a-DP restriction 7. For every
a-DP restriction T we have the direct product function g, = (9:),.5,9: : [N] — [M]. We build
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a restricted global function gx w : [N] — [M] by taking the most frequent value among the
functions (g;);. ; - Note that even though f’ is permutation invariant, the functions (g;);. ;are
not necessarily identical.

Since the proof is technical, and its main points are described in the paragraph above, we
defer it to Appendix A.

4.2 Global structure for sets

The proof is very similar to the proof of lemma 3.16 in [13].

Proof of Theorem 1.5. Fix a function f : ([Zl\(’ ]) — [M]F that passes Test 4 with probability €, denote
a=A/5.Let W, X C [N] be the subsets chosen on Test 4.

I Pry [f(XUW)w = f(YUW)w | Y "W = 0] < 57, then the test rejects with probability at
least 1 — 577. The function f passes the test with probability €, so the test must succeed with
probability at least € on W, X such that Pry [f(X UW)w = f(YUW)w [ YNW = 0] > 51, i.e,,
on good pairs.

Using Lemma 4.4, at least (1 — 2€?> — k?/N) of the good pairs are a-DP pairs. Fix an a-DP
pair W, X, and let g = gx,w : [N] — [M] be the direct product function associated with W, X.
Let ‘V be all the sets Y that are consistent with W, X,

_ [N]
q/"{y'e(9k/1o
We use the third query to show that this g is in fact a global direct product function which is

close to f, i.e that f(S) ~ g(S) for about an e-fraction of the sets S € (UZ ]) )
Let C be the set of inputs for which f, g are close,

c:{SECig‘f@ygg@%.

Suppose that instead of running Test 4 as is, we choose Y, V by the following process:

[I]\j])'

YﬂWZ@,f(XUW)W =f(YUW)W} .

1. Choose a uniform S € (
2. Choose Y to be a uniform 9k/10 subset of S.

3. SetV =S5 \Y and return (Y, V).

If the process outputs Y such that Y N W # 0, we assume that the test rejects. The probability of
this event is less than k?/N , and if it does not happen, the process generates the test distribution.
Therefore, f passes the test where Y, V are chosen using the above process with probability
at least € — k2/N. We prove the claim by proving that conditioning on S ¢ C, the success
probability of the test is much lower than €. We deduce that the probability of S € C must be
close to €.

The test passesif Y € V and f(Y UW)y = f(Y U V)y. We prove that for S ¢ C, with high

3ak
probability both f(Y U V)y aa!: g(Y)and f(Y UW)y % g(Y), and the test fails.
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1. If Y ¢ V, the test fails. For every Y € V, Lemma 4.4 states that f(Y U W)y & g(Y) with

probability 1 — 2¢2. Conditioning on S ¢ C does not increase the probability by much
(where we assume that C is small, else there is nothing to prove),

3ak
Pr [f(Y UW)y # g(Y) ’ YeV,S¢C| <2 3e2. (4.1)

1
Pr[S¢ C] ~

2. For every set S let Ds = {i € [k]| f(S); # f(S)i}. For S ¢ C, |Ds| > 5ak. The set Y is
a random subset of S of size 9k/10. Therefore, for S ¢ C, by the tail bound (Fact 2.4),

T 3ak
Prycs[[Y N Ds| < 3ak |] < e™. By definition, if [Y 1 Ds| > 3ak, then f(S)y # g(¥).
That is, for S ¢ C, Prycs [f (S)y & gm] <e ¥,

From the two items above,
Pr[Test passes|S ¢ C] =Pr[Y € Vand f(IWUY)y = f(VUY)y | S ¢ C]

<Pr
Y

k
FYUW)y % g(Y)andYe‘V‘SeEC]

3ak

+YPCrS f(S)y = g(Y)'SeC]

ak
4 .

<3e*+e
We assume that f passes the test with probability € — k?/N,
Pr[Test passes] = Pr[Test passes and S € C] + Pr[Test passes and S ¢ C].

Therefore,
k? 2 —1ak 2
Pr[SEC]ZG—N—3€ —e 4 2€—4€,

which finishes the proof. O

In the introduction, we stressed that in order to extend the restricted global structure into a
global structure, the restricted global structure theorem has to be “strong,” i. e., the probability

3ak
of f(YUW)y ?8 gx,w(Y) should be strictly smaller than e, it is 2€? in our case. If the local
structure was not strong and the bound in (4.1) would have been larger than ¢, then all the

Sak
success probability of the test could come from sets such that f(S) 2 g(S). In this case, we
could not have deduced that C is large and g is close to a direct product function. This is the
situation in the local structure theorem of [8].
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5 Global structure for tuples

In this section, we prove our main theorem — global structure for tuples. The proof uses the
restricted global structure, Theorem 3.9. For convenience, we write again the test and theorem
from the introduction.

Test 1: Z-test with parameter t = k/10 (3-query test)

1. Choose A, B, C to be a random partition of [k],
such that |[A| = |B| = k/10.

2. Choose uniformly at random x,y,z € [N]* such | gy
y ..........
thatxa = y4 and yp = zp. - i

z HE
3. Acceptif f(x)a = f(y)aand f(z)p = f(y)B - | 1
Denote by agrf /10( f) the success probability of f on this test.

Let D? be the distribution over A, B, C, x, y, z as described above in the test.

Theorem 5.1 (Main theorem — Global Structure for tuples, restated). For every N, M > 1, there
exists a small constant ¢ > 0 such that for every constant A > 0 and large enough k, if f : [N]¥ — [M]F
is a function that passes Test 1 with probability € = agrf/w( f) = e~M’k | then there exist functions
(91,---,9xk), 9i - [IN] = [M] such that

Ak €
Pr [f(x) = (g1(x1), ..., gx(xp))| = —.
xe[N]F 10

Fix a function f : [N]F — [M]¥, such that agrf/lo(f) =e>e Nk,

Similar to the proof of the restricted global structure, in the proof we use several values for
the slack parameter A. These are constant multiples of each other, and are denoted by Ap, A1 etc.

Our proof of Theorem 1.1 relies on Theorem 3.9. The theorem states that many restrictions ©
are DP restrictions (see Definition 3.6). Fix Ag = A/10000. We apply theorem Theorem 3.9 with
the slack parameter a = Ag. For every Ag-DP restriction 7, we denote by g, the direct product
function corresponding to 7.

For the proof, we need a few definitions.

Definition 5.2 (Successful set). For every x € [N 1¥, aset A c [k],|A| = k/10, is successful with
respect to x if

L Pryp.-pr, [Test 1 succeeds] > €/3.
2. 1=(A, x4, f(x)a) is a Ag-DP-restriction.
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Definition 5.3 (Consistent functions). Let S1,S; C [k] and let g : [N]®* — [M]°! and g’ :
[N]%2 — [M]>2 be two direct product functions. We say that g, g’ are S-consistent if for a
uniformi € S;N Sy, and b € [N],

Pr [gi(b) # gi(0)] <.

We prove the main theorem in Section 5.1, and prove the lemmas used in the proof in the
next sections.

5.1 Proof of Theorem 1.1

Let f : [N]¥ — [M]* be a function that passes Test 1 with probability e.

By Theorem 3.9, a restriction T = (A, x4, f(x)a) is a Ap-DP-restriction with probability at
least €/2 - (1 — €2). We denote by g, : [N]* — [M]” the DP function associated with 7.

We start by finding a single string x which is “globally good”. Fix A; = 604, .

Lemma 5.4. There exists x € [N]*, such that

1. Pra[A is successful with respect to x] > €/4.

2. Pr ) [A1, Ao are successful w.r.t. x and g.,, g, are A1-consistent] > €®, where the tu-

A1'A2€(k[/k1]o

ples are Ty = (A1, xa,, f(X)a,) and T = (A2, Xa,, f(x)4,) -
The proof appears on Section 5.2.

We fix the string x € [N]* promised from Lemma 5.4. Let A C (k[/kllo) be the set of sets that

are successful with respect to x. For every A € A, let g4 : [N]* — [M]4 be the direct product
function g, , for 7 = (A, x4, f(x)a).

Theorem 5.5. For all integers N, M € N and large enough k € N, and all small constants ,v > 0

such that v > e 38k | the following holds. Let A C (k[/kllo) be a set of sets, and let F = {ga : [N]* —

(M4} aca bea family of direct product functions. If

Pr [Ay,Ay e Aand ga,, ga, are B-consistent] > v,
AI'AZE(k[/kEo)

then there exists a global function g : [N]* — [M]* such that

1
Pr [A e Aand ga, g are 50p-consistent] > —v .
Ae(k[/kllo 4
We prove the theorem in Section 5.3 (in fact we prove a slightly stronger statement).
The family {ga}aca satisfies the conditions of the theorem, with parameters v = e® and
B =A1. Letg: [N]* — [M]* be the direct product function promised from the theorem. Fix

Az = 16011 . We finally claim that g is the required global DP function,
Ask
f@)'= 9()

The proof appears in Section 5.4. This finishes the proof since A3 < A.

€
> 5.

Lemma 5.6. Pr, ¢y«
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5.2 Consistency between restricted global functions

In this section we find a string x € [N ¥ which is “globally good”, proving Lemma 5.4.
Claim 5.7. There exists x € [N]¥ such that

1. PrA,y,B,z~Z)|Zx [Test 1 passes] > €/3 and,
2. Pra[Ais successful wrt. x] > .

Proof. Let G = (L U R, E) be the full bipartite graph, with vertex sets L = ( k[/k1]0) and R = [N].
Let w : E — [0, 1] be a function matching each edge (A, x) the success probability of Test 1 given
that A, x are chosen, i.e., w(A, x) = Pry,B,Zq)‘zAx[Test 1 passes]. Then E4 yee[@w(A, x)] > €.

Suppose that for each edge e with w(e) < 672 , we change w(e) to 0. The expected value of w
is reduced by at most €/2, i.e., E(a xjce[@(A, x)] > €/2. All the edges (A, x) that remain with
positive value w are of edges (A, x) such that 7 = (A, x, f(x)a) is good?.

We further change w(e) to O for all edges e = (4, x) such that © = (A, x4, f(x)a) is not a
Ao-DP restriction. From Theorem 3.9, a good 7 ~ D is a DP-restriction with probability at least
1 — €2. The distribution 7 ~ D corresponds to a uniform choice of (A, x) € E. Therefore, we
have changed w(e) to 0 on at most €? fraction of the edges. The maximal value of w is 1, so this
step reduces the expectation of w over E by at most €?, and Eaxeelw(A, x)] > €/2 € >¢/3.

Let x be a vertex which maximizes E4[w(A, x)], then

Pr Test 1 passes| > E[w(A4, x)] >
g 1 g [Test 1 passes] 2 Ela(a, )

€

3

All edges (A, x) such that w(A, x) > 0 are such that A is successful with respect to x, so
lzr [A is successful w.r.t. x| = lzr [w(A,x)>0] > g p

where the last inequality holds because the maximal value of w is 1. O

In the rest of this subsection, we fix an x satisfying the properties of Claim 5.7. For every

set A that is successful with respect to x, denote by g4 : [N]* — [M]4 the function g. for
T = (A, x4, f(x)a). Denote by Z4 the set

Za = {Z e [N]F

f(2); 2 {]A(ZA)}-

Note that the set Z4 might be all of [N].

We prove in the next claim that if A is successful with respect to x, then g4 is consistent
with the original function f. This consistency is much stronger than what is guaranteed by
Theorem 3.9. By Theorem 3.9, g4, f are consistent on a set of inputs contained in the set
{w e [N]* | W =X A} . In the claim below, we prove that g4, f are consistent on ()(¢) fraction
of [N]¥, which is a much larger set.

2There may also be good tuples with value 0, if Test 2 passes with probability larger than €/2 but Test 1 doesn’t.
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Claim 5.8. For every A that is successful with respect to x,

Pr [z € Za] =
z€[N]k

=~ |

Proof. Fix an A that is successful with respect to x, and assume for a contradiction that
Proenyr [z € Za] < €/4. For every z, let D, = {i € A| f(z)i # gA,i(zi)} , then for z ¢ Z4,
|D;| > kA1/3.

Let y,z,B ~ D?*|A,x. Suppose y is such that f(y); e ga(yz). The test passes if

- k

f(y)B = f(z)p, which implies (since B C A) that also f(z)g g ga(y ;). The function g4 is a
product function and yg = zg, 50 g4(y 1)B = 94(2z,7)B and we get from the previous inequality
that

Aok
f@p * gay)s = gazz)s.
From the definition of D, , this only happens if |D, N B| < Aok . To summarize, if the test passes

k
and y is such that f(y); 2 ga(y7), it must be that |D, N B| < Agk.
From the above paragraph,

Aok
Pr  [Testpasses|z ¢ Za] = Pr [Test passes and f(v) ; % gayz) |z ¢ Za
B,y,z~D|ZA,X B,y,z
+ BPr [Test passes and f(v) ; £ gayz) |z € Za
Y.z

Fi % g | F@)a = Fyaz ¢ Za
+Pr(|BND:| < Aok | 2 ¢ Za] .

<Pr
Y

We bound the two expressions. For the first, from Theorem 3.9,

< €.

fx¥)a=f(y)a

Aok
Ifjr [f(]/)A % g4y z)

Conditioning on z ¢ Z , which occurs with probability at least 1 — E , increases the probability
by a factor of at most 125 <2.
4 -
For the second expression, the set B is a random subset of A of size k/10, and |D,| > kA1 /3 =
20Apk . Using the Hoeffding bound for random subset (Fact 2.4),

Ak

Pr{IBND:| < Aok |z¢Za] <o ¥ <&,
,Z

We conclude that

Pr  [Test passes|z ¢ Z4] < 3€*.

B,y,z~Z)|ZA,x
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This implies that

Pr  [Testpasses] < Pr [Testpasses|z ¢ Za] + Pr[z € Za]
B,y,z~Z)|ZA,x B,y,z~Z)|ZAlx z

€ €
<Be?+- < -
4 3
This contradicts A being successful with respect to x. O

In the introduction, we explained the difference between our restricted global structure
and the result of [8]. In our result, Theorem 3.9, f(y); ~ ga(y) for 1 — €2 of y € V; (for
T = (A, xa, f(x)a), whereas in their result this probability was not as overwhelmingly close to 1.
We require this for proving the above claim, as well as for proving the global structure.

Claim 5.9.

2

2
€
Pr |Za, N Za,| = —=NF

Z % A1, Ay are successful w.r.t. x| >
(k]
A1'A2€(k/10)

]
N

Proof. Let A1, Az be two uniform sets that are successful with respect to x, then

1Za 0 Zall= 3, | E [z €ZaNZ4)]
ze[Npe

= Z AE [I(z € Za)l(z € Za,)]

Ze[NJF

= D Ellze Za)P,

z€[N]k

E
A1,A2

where [ is an indicator. The last equality holds since A;, A, are independent uniform sets that
are successful with respect to x.
By Cauchy Schwarz,

2
Z N‘gﬁ[ﬂ(zezA)] < Z Nk Z E[H(ZEZA)]Z

z€[N]k z€[N]k z€[N]k
-1. Z E[I(z e Z)NP.
z€[N]k

From Claim 5.8, for every A which is successful with respect to x, Pr; [z € Za] > €/4. This
means that for every such A, 3}, I(z € Z4) > N ke/4 . This also holds for a uniform A that is
successful with respect to x. Combining it together with the above equations,

N>

2
1Za N Znll= )| Ellze Za)f 2 ZN—%E[U(zezAn) > (SN

z€[N]k

) .
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The maximal value of | Za, N Za,|is N k therefore by averaging

e2

2
€ \jk
P N > —=N"| > .
Al,gz |ZA1 ZA2 | 32

T 32
O

Claim 5.10. For every A1, Az € (k[/kl]o) such that | Za, N Za,| > N¥e?/32, the functions ga,, ga, are

Aq-consistent.
Proof. Fix A1, Az such that | Za, N Za,| > Nke2/32. Let S = [k]\ {A1 U As}. S is the set of
coordinates both g4,, g4, are defined on, and |S| > 0.8k .

Assume for a contradiction that g4,, ga, are not A;-consistent, i.e.,

iesgg[]\]] [gAl'i(b) # gAz,i(b)] > A1,

By the Chernoff tail bound (Fact 2.3),

P (z7) ik (z;)s]| < — 151k (5.1)
T A\Z i )s = A\Zi)s| S e . .
ZE[N]k g 1\~ Ay g 2\~ Ay

We can use the Chernoff bound on the different coordinates i € S because the functions g4,, g4,

are direct product functions, so their output on different coordinates is independent.
1 Ak 1

l 19}
Any input z € Zy N Z; satisfies both f(z) 4, v ga,(zz,) and f(z)z, * ga,(zz,) which

201k
implies that ga,(zs) e ga,(zs). That s,

ZA]k €2
P s A s> P € Za N > —,
2 [gAl(ZAl)S g (z4,)s| = e [z € ZuNZal 2 55
which contradicts (5.1). O

Proof of Lemma 5.4. Let x € [N]* be the input promised from Claim 5.7.
A set A is successful with respect to x with probability at least 5 . From Claim 5.9,

e? . 2
Pr |~ZA1 rW~Z‘Az| Z _N

> A1, Ap are successful w.rt. x| >
(%]
AI'AZG(k/m)

Bl %

By Claim 5.10, such sets A1, A, are Aq consistent, i. e.,

2

. €
Pr [gAl, gA2 are A1 consistent | A1, Ap are successful w.r.t. x] > —

Avdze( 32

Therefore, the probability of A1, A, to be successful with respect to x and A consistent is at least
(£)’ S > € O
1) 33 :

THEORY OF COMPUTING, Volume 19 (3), 2023, pp. 1-56 37


http://dx.doi.org/10.4086/toc

IRIT DINUR AND INBAL LIVNI NAVON

5.3 Agreement theorem in the dense case

In this section we prove Theorem 5.5, which is an agreement theorem for functions. In fact, we
prove a more general version of the theorem, Theorem 5.13 below.

Let X be an alphabet with a distance function dist : £ X X — [0, 1] that satisfies the triangle
inequality, i.e., dist(x, y) + dist(y, z) > dist(x,z) for all x,y,z € X. We look at a family of
functions ¥ = {fs: S — Z}Se(g[kl )

k/10

Definition 5.11. The difference between fs,, fs, € ¥, denoted by A(fs,, fs,), is defined by the
equation

Afs,, fs,) = E _[dist(fs, (i), fs, (D))].
i€S51NSy
The difference between fs €  and a function g : [k] — L is defined by the equation

A(fs,9) = E [dist(fs(i), g(i)].

Definition 5.12. The agreement of the collection of local functions ¥ regarding the uniform
distribution with parameter 8, denoted by agree, (F) is defined by the equation

agree,(F) = / ,EreT[A(fsllfsz) <Bl.

Theorem 5.13. For every small constant p € (0,1), large enough k € N, every v > e 3Pk and every
alphabet ¥ with a distance measure dist : ¥ X £ — [0, 1] the following holds.
If a collection of local functions ¥ = {fs : S — L} se(,19 ) has agreeg(F) > v, then there exists a
9k/10.

global function g : [k] — X such that

1

Pr  [A(fs,g) <508] > —v.

(I8 4
9k /10

Claim 5.14. Theorem 5.13 implies Theorem 5.5.

Proof. Let N,M,k € N, and let A C (k]/qo) be a set of sets. Let {ga}aen, VA, ga : [N]A — [M]A
be a family of direct product functions satisfying the conditions of Theorem 5.5. )
Set = [M]N U L. For every A € A and every direct product function g4 : [N]4 — [M]4,

ga = (9i);e i, we define f; : A > [M]N by
Vie A fi(i) = the truth table of g; .

Since g; : [N] — [M], its truth table is in [M]Y . For every A ¢ A we set f; to equal L on all
inputs.
We define the distance measure inside X as follows,

Pr; ; ’ ifo,0’ # L
\V/O,G/ e Z dlSt(G,G’) :{ rlE[N][GZ * Gl] ifo,0 #

otherwise.
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The distance is the normalized Hamming distance for strings that are not L.

We show that the collection of functions {fs} se, 5]1 ) satisfies the conditions of Theorem 5.13.
If A1, A2 € A and ga,, g4, are f-consistent, then by definition A(fy,, f4,) < p, thus by the
assumptions of Theorem 5.5, agree, (%) > v.

Let g : [k] — X be the function promised from Theorem 5.13. Then A(fs,g) < 508 for at
least a v /4 fraction of the sets S € (9,£';]10) , let this set of functions be . Every function fs € ¥’
must correspond to some g5 for S € A, since for other sets S, fs equals L and is at distance 1
from any other function.

Let ¢’ : [N]¥ — [M]* be the direct product function that for every i € [k] has g} : [N] — [M]
be the functions defined by g(i). If there is i such that g(i) = L, we define g/ arbitrarily. By
Theorem 5.13, for every fs € C, S € A and g3, g are 505-consistent. O

We now prove Theorem 5.13. In order to prove the theorem, it is helpful to look at the sets

S e (9,£';]10) as vertices in a graph. Let G = (V, Es U Ey) to be the graph with the vertex set

V= (95]10) , and two edge sets, weak edges and strong edges.
Definition 5.15. For every two sets 51,5, € V,
1. S1, S, are connected by a strong edge, denoted by S1 — Sy, if A(fs,, fs,) < p.
2. S1, S, are connected by a weak edge, denoted by S1 ~ Sy, if A(fs,, fs,) < 10p.

If S1, S, are not connected by a weak edge, we denote S1 # S, .

We want to find a very dense set of vertices in G. Such a subset will allow us to define a
global function g. We start by showing that there are many vertices with high degree in G.

Claim 5.16. There exists a set S C V of measure at least v /2, such that for every S € S

1
-S> Zv.
sPerv [5-51= 2V
Proof. Let
, 1
S—{SQV I;I‘[S—S]ZEV}.
By averaging
v < Pr [S1-57]
51,52
<Pr[S1 €8] Pr [S1-52|51€S8]+Pr[S1¢S] Pr [S1-52]|51 ¢S]
51 51,52 Sl SlrSZ
1
SI;r[Sl eS]+§v (1—1;11"[51 eS]) .
Then Prg, [S1 € 8] > v/2. O
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Strong connectivity is not transitive, but we can have an “almost transitive” property by
considering both strong and weak edges.

Claim 5.17. For S, S1, S, € V uniformly and independently,

Pr [S—S1,S—Ss,S1 4 Sa] < 2e7F%.
5,51,52

From the claim we get that if S is connected to S1, Sy by a strong edge, then almost always
S1, 52 are connected by a weak edge.

Proof. Fix 51,5, € V to be two vertices such that S; # Sy (if there are no such vertices, the
probability is 0 and we are done). For every i € [k] let d; € [0,1] be

0 otherwise.

i {dist(fsl(i), foli)  ifi€sinS,

Since 51 # Sz, Xiefx) di = (8k/10) - 108 = 8Bk (the minimal size of S1 N Sy is 8k/10).
If S is a set that is strongly connected to both S; and S;, then by the triangle inequality

D, distfa, (), fa) < Y dist(fs(0), fi, (1) + dist(fs(0), fsu () < 28k

1€SNS1NSy ieSNS1NSy

That iS, ZiES di < 25]{ .
The set S is a uniform subset of [k] of size 9k/10. Using the Hoeffding bound for random
sampling without replacement (Fact 2.5)

Pr[S~Siand § - Sp] < Pr < e 2k,

D di < 2pk

i€S

Since the bound holds for every S1 # S, , then it holds also for the uniform distribution over sets
51,52 O

From the last two claims, Claim 5.16 and Claim 5.17, we conclude that there is a high degree
vertex in V whose neighbors form a very dense graph with respect to weak edges.

Claim 5.18. There exists a set S € S such that

p ~ 5,5, -S| =1-8.
oL, [S1~S52]51-5,5-5]>1-8

Proof. From Claim 5.16, we know that if we choose S, S1, S; € V independently,

2 v\3
Pr[SeS,5-5,5-S]2Pr[seSIPr[s-Si|SeS] 2(2)
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From Claim 5.17, on the same distribution

Pr [S—S1,S—Ss, 51 4 Sa] < e 2k,
S,51,52

Therefore 5
Pr [S145,]5€S8,5-51,5-5,] < (%) e 2Pk
S,51,52 v
Since v > e 3% | the bound on the probability (%)3 e 2k js tiny and surely smaller than .
By averaging, there must be S € S that achieves this bound. O

Claim 5.19. Let C C V satisfy Prsey[S € C] > v/2, then the number of indices i € k such that
Prsec [i € S| < 1/2is at most k.

Proof. Let D C [k] be the set

D:{ie[k]

. 1
<=t
SIZE[ZES]_Z}

If we pick a completely uniform S € (g{) , then Es [|S N D] = $5D.
10

ID|

Using the the Hoeffding bound for random subset (Fact 2.4), Prs [lS ND| < %|D|] <e 0.
If instead we pick a uniform subset in S € C, the probability of the event |S N D| < £|D| may
increase by a factor of 2/v .

D|

2 2
Pr [lS ND| < —|D|] < —e"1W
SeC 3 v

By the definition of D, for each i € D, Prsec[i € S] < %, so Esec [|ISND]|] < |D|/. From
averaging Prsec [|S N D| <2|D|/3] > 1/4.

Combining the two bounds, we get that 2/v - e_% > 1/4, which means that |D| < Bk (recall
that v > e #*¥ and B is a small constant). m|

Proof of Theorem 5.5. Let S5 € S be the vertex promised from Claim 5.18, and denote by C its

strong neighbors, _
C={SeV|s-5}.

The measure of C is at least 5 and Prs, 5,ec[S1 # S2] < f, which implies that

E [A(fs,, fs)] <1- Sllgfec [S1 # S2] [A(fs,, fs,) | S1~ S2] < B +10B. (5.2)

+ [E
51,52€C 51,5,eC

We define our direct product function g : [k] — X as follows.

vielkl g(i)=argmin {SEC E [dist(fs(i), o)]} .

Ties are broken arbitrarily. If thereisno S € C such that i € S, we set g(i) to an arbitrary value.
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We prove that the function g satisfies the theorem requirements. It is enough to prove that
A(g, fs) < 508 for half of the sets S € C.

We want to bound the expected difference Esec[A(g, fs)] . If we could say that Esec[A(yg, fs5)] <
Es,,s,ec[A(fs,, fs,)], thenby (5.2) we would be done. Unfortunately there is a slight complication,
which we explain and solve below. We write the two expectations explicitly.

1. Esec[A(g, fs)] = Esec,ies[dist(g(i), fs(i)]. Let Dy : [k] — [0, 1] be the distribution over 7 in
this expectation, i. e., picking S € C and then a uniform i € S.

2. Esy s5ec[Afsy, fs,)] = Es, 5,6 ies,ns, [dist(fs, (i), f5,(7))]. Let Dy : [k] — [0, 1] be the distri-
bution over i described in this expectation, i. e., picking S1,S, € C and theni € 51N S,.

We prove that the two distributions are rather similar. Let D be the set of “bad locations”, which
appear too little in C,

D:{ie[k]

By Claim 5.19, |D| < Bk, and clearly also Pri.p,[i € D] < .

For every i ¢ D, the index i appears in at least half of the sets S € C. This means that for
every such i, D(i) > D1(i)/2.

For every i € [k], by the definition of g,

E [dist(fs(), g(i)li € 5] < E_[dist(fs,(0), fs(0)li €51 052, 53)

1,92

1
Pr [i = .
5€1é[l€5]<2}

Therefore,

ElAg fo)l = E_ [dist(g(i), fs(i)li € 5]
< PrlieD]+ [E [dist(g(i), fs(i)|i ¢ D,i€S]

i~Z)1 l~1)1,SEC
<p+ i~D1,.[€E],SzeC[diSt(fsl(i)’fsz(i))li ¢D,i €51 NSy (by (5.3))
Sﬁ + 2i~.@2,£El,52€C[dISt(fSl (l)/ sz(l))h ¢D,ie Sl N SZ]
<p+2-11B < 258. by (5.2))

To finish the proof, the only thing left is a Markov argument. If Escc [A(fs, )] < 258, then
at least half of the sets S € C satisfies A(fs, g) < 508, and we finish the proof. o

5.4 Global direct product function

Proof of Lemma 5.6. Recall A is the set of sets which are successful with respect to our fixed
string x. From Lemma 5.4,

Pr [A1,A2 € Aand ga,, g4, are Aq-consistent| > €.
A1'A2€(k[/k1]o)
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We apply Theorem 5.5 on the family of functions ¥ = {ga}aea . Letg : [N 1¥ — [M]* be the
global direct product function promised from the theorem. Fix A; = 5011 and let A" be

A ={A| A€ A, gais Ay-consistent with g} .
w\[A € A > € /4.

Ae(k/l()
For every z € [N]¥, A € A*, let E(A, z) be the event

From the theorem, Pr

Ak 20,k
f(z); ~ ga(zz) and ga(zz) 2 9(z) ;-

For every A € A", the direct product functions g4, g are A>-consistent. By the Chernoff bound
(Fact 2.3), for a uniform input z € [N 1%,

Ayk

22k Mgk
Prlga(z) % g@)zl<e .

From Claim 5.8, for every A € A, Pr;[f(z); i ga(z7)] > €/4.
Therefore, for every A € A",
Ak 212k € ik
Pr [E(A,z)] 2 Pr[f(z); = ga(zz)] —Prlga(z) # g(z)z]1> ;-5 .
z€e[Nk z z 4

The same bound holds also for a uniform A € A*.
Let Z be the set of inputs,

Z:{ZE[N]k

Pr [E(4,2)] > g}

From averaging,

Pr [E(A,2)] <PrzeZ]-1+Prz ¢ Z]5.
z€[N]k,AcA* z z 8

Thatis, Pr;[z € Z] > e/4—e_A§_k —€/8 > ¢€/10. Fix A3 = 3/2 (A1 + 2A;) . We prove that for every

k
ze€Z,f(z) 2 g(z), which finishes the proof.
Fix z € Z and let D C [k] be the set

D ={ielk]| f(z); # g(2)i} .

Ask
Assume for a contradiction that f(z) % g(z),i.e,|D| > Azk.

For each A € A" such that E(A, z) happen, by the triangle inequality, f(z)z Mkl g9(z) 5.

This can only happen if A is such that |[A N D| < A1k + 2Ak = 2|D|/3. The set A is a
uniform subset of [k] of size k/10. By the Hoeffding bound for random subset (Fact 2.4),
Pra[[AND| < 2|D|/3] < e~ 2% We conclude that Pra[A € A*and E(A, z)] < e A3

This contradicts z € Z, because for z € Z,

Pr[A € A" and E(4,2)] 2 Pr{A € A'PrE(4,2)|A € A" 2 2¢7

€
5"

=
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6 Lower bounds for approximate equality

In this section we prove lower bounds for different variants of the direct product test. The lower
bounds are proven by finding a function that passes the test with some probability €, but is far
from any direct product function.

We start by defining when a function is far from any direct product function.

Definition 6.1. Two functions fi, f» : [N 1F — [M]F are (e, A) close, if

> €.

Pr [ A% )

x€e[N]k

A function f : [N]¥ — [M]* is (¢, A) close to a direct product function if there are functions
g1,---,9x : [N] = [M] such that (g1, ..., gx) is (€, A) close to f. Otherwise, f : [N]¥ — [M]* is
(e, A) far from any direct product function.

Our direct product theorem states that if a function f : [N ¥ — [M]* passes Test 1 with
t = k/10 with probability € > e’k then f is (€/10, A) close to a direct product function.

Ideally, we want the even stronger conclusion that f is (Q(e), 0) close to a direct product function.
However, we next show that this is not possible.

Claim 6.2. For every N € N and large enough k, the following holds. Let f : [N]¥ — {0,1}* be a
random function, i.e., such that f(x) is a uniformly chosen string in [M* for each x independently.
With high probability, f is (2e7%/10, k/10) far from any direct product function.

Proof. Fix a direct product function g : [N 1¥ — {0,1}*. For every x € [N 1%, by the Chernoff
k k
bound, Pr¢[f(x) L g(x)] < e7¥/19 The probability that f(x) L g(x) on more than 2e7/10 of

— k
the inputs x € [N]* is smaller than e sNET o3 (2)
There are 2N¥ different direct product functions g : [N]¥ — {0, 1}*. By union bound, with

k
probability at least 1 — 2N ke=3(2)" | the random function fis (2e7%/10, k /10) far from any direct
product function. O

6.1 Testing different intersection sizes.

We next analyze a family of tests, parameterized by t1, t> € [k], that generalize our basic Z-test
and appear as Test 5. We show that there is no direct product testing theorem for these tests,
with (Q(e), 0) closeness, for an exponentially small e.

Claim 6.3. For every constant & > 0, large enough k, N, M € N such that N > M > k'2 and every
t1,ty € [k] such that t; + t, < k, there exists a constant p > 0 and a function f : [N]F — [M]¥, such

that agr , (f) = € = ™% but f is (2, %) far from any direct product function.

Proof. Let  be a constant that will be determined later, and denote ¢ = % Leth : [N] —

T
[M] \ {1} be any function satisfying: for every a € [M]\ {1}, Pryen)[(b) = a] < 2/M.
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Test 5: Z-test with parameters 1, t, (3-query test)

1. Choose A, B, C to be a random partition of [k], A c B
such that |A| = t1,|B| =f,. i

2. Choose uniformly at random x,y,z € [N 1¥ such

that x4 = y4 and yp = 25 . v ]

z | S

3. Acceptif f(x)a = f(y)aand f(z) = f(y)B.
Denote by agrtzl 1,(f) the success probability of f on this test.

Let f : [N]¥ — [M]* be the following function: forevery x € [N]*letiy, ..., iz, j1,...,je € [k]
be different random coordinates.

h(x;,) if i = i, for some r € [{]
1 otherwise.

Vielkl, f(x)i= {

The function f has ¢ random “corrupted” coordinates per input, iy, ..., iy, in which f(x);, is
determined by the value of x;, .

We analyze the success probability of Test 5 with parameters t1,t, on f. We divide into two
cases.

1. In case max{ti, t»} < 0.4k. Let x,y,z, A, B be the sets and strings chosen by the test. Then
|A U B| < 0.8k. Letif,...,1i; be the corrupted coordinates of x (and i, i7 for y,z). If
i, 0y, i{, eee, i?, ii,...,i; € AU B, the test “misses” all of the corrupted coordinates,
so the test passes.

I}r[ii‘,...i;‘e_fAUB]:I}r[ii‘¢AUB]~~-I}r[ijf¢AUB|ii‘...,ij_f_1q_fAUB] > (0.1)¢,

where the last inequality is because |A U B| < 0.8k and ¢ < 0.1k. Therefore, even
conditioning on iy ..., i; ; ¢ AU B, the probability of i} ¢ A U B is at least 0.1. The same
inequality holds also for y and z, and we get that f passes Test 5 with probability at least
(0.1)%.

2. In case max{ty, to} > 0.4k. The test is symmetric with respect to t1, f>, SO we can assume
w.lo.g. thatt; > t,. Let x,y,z, A, B be the sets and strings chosen by the test. Let
1,0, izf and ji,..., ];‘ be the chosen coordinates of x, and the same for y and z. If for all
rell],if= if and j; = ]ry and also ij,...,ij € Aand jj,...,j; € A, then the corrupted
coordinates of x and y are corrupted to the same value. If in addition i, .. ., if € A, then
the corrupted coordinates of z are not checked, and the test passes. We lower bound the
probability of these events.

Pr[Vr € [€] ixziyandszjy]=1~ LI L > 12!
f e Tk k-1 k=-20+1 " \k]
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y

1 1s %, and the probability of i%‘ = ig given that

This is because the probability of ii‘ =1

i = ii/ is1/(k — 1), and so forth.

I;r[if,...,i;‘eAandjf,...j;‘EA]

= 1?[1'; e Al-- .1?[]'; € Alil, ..., i, j%, ..., ji € Al > (0.3)%,

where the last inequality is because |A| > 0.4k, and ¢ < 0.05k. Therefore, f passes the
test with probability at least (1/ k)ze -(0.3)% - (0.3)*. We pick the constant § such that
¢ = 2Bk/(log k) satisfies (1/k)2€ - (0.3)4 > 70k,

We prove next that f is (€2, 8/(logk)) far from any direct product function. For every
S c k], |S| = %,w € [N]® and y € (IM] {1})S,let85,w,y = {x € [N]k| xs =w, f(x)s = y}.
We say that f is balanced if for every S, w, y,

‘
2k\?
chr[x € SslwlﬂxS =w] < (M) .

We prove that f is balanced. Fix any S, w and y. For every x, f(x)s = y only if for every
i € S, f(x); is chosen to be corrupted to some h(x;) = ;. If there is no j such that h(x;) = y;,
it is not possible that f(x)s = y. For each y;, the probability over x € [N]¥, xs = w that x5
contains a coordinate j such that h(x;) = y; is smaller than 2k/M . Therefore, the probability
over x that there are % different coordinates ji, ..., ¢ € S such that for all i, h(xj,) = yiis

less than (2k/ M)% (if i = y;, then x needs to contain two different coordinates j;, j, such
that h(xj;) = h(xj) = yi). From this we deduce that for every S C [k],|S| = %,w e [N]°,
Pry[x € Ss,w,y|xs = w] < (2k/M)% ,and f is balanced.

We prove that a balanced function f is far from any direct product function. Fix a direct

product function g : [N]JF — [M]¥,and let F = {x e [N]¥ f(x) %2 g(x)}. For every x € F, f(x)

and g(x) are equal on at least £/2 “corrupted” coordinates, i. e., for every x € F there exists a set
S c [k],|S| = £/2 such that f(x)s = g(x)s € ([M]\ {1})°.
For every S C [k], |S| = % and w € [N]° let

Fsw = {x € F| xs =, f()s = glx)s € (M]\ {(1)°} .

From above, F C Us ,Fs . The function g is a direct product function, so for every S and w
there is a single y such that g(x)s = y for all x such that xs = w. That s, Fs C Ss,,, for some

y € (IM]\ {1})° . Together we get that [F| < Y¢ ,|Fs | < (£) - 2k/M)"* N¥. Since M, N > k'2

3
2

we get that Pr,[x € F] < (§) (2k/M)"* < 2/k)*" < €2. O
2
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6.2 The triangle test for functions over sets.

In Test 5 with ¢; + to = k, we check f(y) on all coordinates, but only part of the coordinates of
f(x), f(z). What if we check all coordinates of all three inputs? This brings us to the triangle
test, Test 6, for functions over sets. In this test, every two out of the three inputs in the test share
a joint subset of size % . For this test we must assume that k is even.

We remark that Test 5 can only be defined on a function f : ([Il\(l ]) — [M]¥, and it is not
possible to define such test on a function on tuples. This is because for f : [N]¥ — [M]¥,
if we choose inputs x, v,z such that x4 = y4,yp = zp, it is not possible to compare f(x)g
to f(z)a, since these are different coordinates. We remark that it is possible to define a 4-
query test on functions over tuples, similar to the triangle test, with inputs x, y, z, w such that
XA = YA, ZA = WA, XB = 2B, Y = wp , but we do not analyze it here.

We define distance from a direct product function in a similar way to functions over tuples.

Definition 6.4. A function f : (Ul\(] ]) — [M]Fis (e, A) far from any direct product function, if for
every g : [N] — [M],
Ak
Pr [£(S) % g(9)] <e.
se('})

Test 6: Triangle test (3-query test, for even k)

1. Choose disjoint W, X, Y C [N] of size % .

2. Acceptif F(XUW)w = f(YUW)w, fF(XUY)y = wo| Y
f(yu W)y and f(X UW)x =(XUY)x.

Denote by agr®(f) the success probability of f on this test.

Claim 6.5. For every constant 6 > 0, large enough k, N, M € N such that N > M > k30 there exists a
constant B > 0 and a function f = (V) — [M]¥, such that agr®(f) = € > ™%, and f is (€, %)far
from any direct product function.

Proof. We prove the claim by constructing a function f that passes the test but is far from any

direct product function.

Let B > 0 be a constant that will be decided later, and let { = Bk/(logk). We describe a
function f : (U]\(] ]) — [M]F with 2¢ “corrupted” elements per input. Let i : [N] — [M] \ {1} be
an arbitrary function such that for every y € [M]\ {1}, Pryen[h(b) = y] < 2/M. For every

Se (UZ]) we pick 2¢ elements to corrupt f on ay,...,a and 2¢ index elements by, ..., by € S.
The function f is defined by:

h(b;) if e = a; for some i € [2{]
1 otherwise.

VeeS, f(S) = {
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Figure 2: The set X U'Y is marked in gray.

We analyze the success probability of the test. Let W, X, Y be the sets chosen by the test
algorithm. Let a{(, .., af, bf, cen, béf( € X be arbitrary 2¢ elements in X, and the same for Y, W.
If f is such that

1. In f(W U X), the corrupted elements are a{(, ... ,af and a{v, ... ,a},’v, and the index
elements are bf,...,b? and b‘l’v,...,b}fv.

X

2. In f(X UY), the corrupted elements are a;, . .

arebi(,...,bfandb}(,...,b{.

., af and a{, e, a{ , and the index elements

3. In f(WUY), the corrupted elements are a}N PR a}f" and a}/, eee, a}/ ,and the index elements
arebi’v,...,b}fv andb{,...,bz.

Then the corrupted elements are corrupted to the same value on all three queries f(XUW), f(XU
Y) and f(Y U W) and the test passes. See Figure 2 for an illustration (with ¢ = 1).

The probability that in f(X U W), the 2¢ corrupted elements are af S, a? and a}/" S, a}f"
and the index elements are bf, e, bf and b}N P b}fv is larger than ﬁ . Therefore, f satisfies

agr(f) > ﬁ . We choose the constant  to be small enough such that for ¢ = % ,agri(f) >

o 2 ek,

We prove that f is (€2, %)-far from any direct product function. For every L C [N], |L| = ¢
and y € (IM]\ (1", let S, = {s € (V)| Le s, fs) = ).
We say that the function f : ([Z,\(]]) — [M]F¥ is balanced if for every L c [N],|L| = ¢ and
y € IMI\{1D*",
ak\"
PSI‘[S € SL,ylL c S| < M
We claim that f is balanced. Fix L and y, aset S € Sy, if for every a € L, f(S), is corrupted
to h(b) = y,,if S doesn’t contain b such that h(b) = y, then its not possible that f(S), = y,. For

every y, , the probability of S € [N], L C S to be such that S \ L contains a coordinate b satisfying
h(b) = y, is at most fw—k% (the requirement that b ¢ L can increase the probability of h(b) = y,
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by a factor of at most % < 2). The probability that S \ L contains ¢ elements by, ..., b; such

¢ ¢
that for all a there is a different b, satisfying h(b,) = y, is at most (% . %) < (‘}\—4") , so the

function f is balanced (the factor ﬁ is because we require that the b; ¢ L, and are different).
We prove that a balanced f is far from every direct product function. Fix a direct product

function g : [N] — [M], and let F be the set F = {S € ([II\(]]) ‘ £(S) 4 g(S)}. For every S € F, there
isaset L C S of size { such that for every a € L, f(S), = g(a) # 1. Therefore, F C ULe([N])SLrg(L) ,
13

and g(L) is different from 1 on all elements. This implies an upper bound on |F|,
14 {
N\ (4k\ (N —¢ 4k\ (N
e 3 st (4T 60041
Le(')

For our choice of parameters N, M > k30 and fis (€2, %) far from any direct product function. O

A Tuples to sets restricted global structure proof

In this section we prove Lemma 4.4, restricted global structure for sets, which we restate below.

Lemma A.1 (Lemma 4.4, restated). There exists a small constant ¢ > 0, such that for every constant
a > 0, large enough k € N and N > e*, M € N, the following holds.

For every function f : (1) — [M]¥, zfagrf/sito(f) =€ > e then at least (1 — €* — k*/N) of
the good pairs W, X are a-DP pairs.

The restricted global structure only uses the first two queries of the test. For convenience, we
rewrite the test such that the two checks are not preformed in the same step.

Test 7: Z-test for functions over sets, with t = k/10 (3-query test)

1. Choose a random set W C [N] of size k/10.

2. Choose X,Y C [N]\ W of size 9k/10. X w
3. If f(XUW)w # f(Y UW)y reject.

4. Choose V C [N]\Y of size k/10. Y v

5 If f(YUW)y # f(Y UV)y reject, else accept.

Zset

Denote by agr, 710

(f) the success probability of f on this test.

We prove the lemma by a reduction from Theorem 3.9.

Definition A.2. We associate each S C [N] with the tuple Se [N]! obtained by sorting the
elements of S in increasing order. For every string x € [N]¥, we define U(x) = 1 if x has distinct
coordinates, i. e., there isno i # j such that x; = x;, else U(x) = 0.
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For a string s = (s1, ..., sx) and a permutation 7 : [k] — [k] let s™ = (s7q1), .- -, Sn(k))-

Definition A.3. Given a function f : (U,\f]) — [M]*, let ' : [N]F — [M]F U L be defined as
follows. If U(x) = 0 we set f'(x) = L. If U(x) = 1 then if x = X (namely x1 < xp < -+ < xg)
we let f(x) = f(X). Otherwise there is some permutation 7 such that x = (}2)” and we let
f'x)=f (X)™. We call 7t the sorting permutation for the tuple x.

When testing the function f”, whenever the tester queries an input x such that f’(x) = 1, we
assume the tester rejects.

Definition A.4. Let D : (k[%]o) X (953]1]0) X (95571]0) — [0, 1] be the following distribution:

1. Choose W c [N] of size k/10.
2. Choose X C [N] of size 9k /10 such that X N W = 0.
3. Choose Y C [N] of size 9k/10 such that Y N W = 0.

Let D’ : (k[/kl]o) X [N]* x [N]* — [0, 1] be the following distribution:

1. Choose a set A C [k] of size k/10.
2. Choose x € [N]* such that U(x) = 1.
3. Choose y € [N]* such that x4 = y4 and U(y) = 1.

The distribution (W, X, Y) ~ D is the distribution used in Test 4. The distribution (4, x, y) ~
D’ is the distribution of Test 2, conditioning on U(x) = U(y) = 1.

If we pick (W,X,Y) ~ D, a random set A € (k[/kl]o) and random permutations 7, €

Sk/10, 12,3 € Sogj10, then x = ((W”l)A,(f(m)A) and y = ((W”l)A,(?”3)A), are distributed
according to O’ .

Let p1 = Pryepne [U(x) = 0]. We bound its value. Choosing a uniform x € [N 1¥ can be done
coordinate by coordinate. For each coordinate i, the probability that x; = x; for some j < i is at
most % , therefore

ki1 k2
= P u =0] < < —.
pr=Pr [Ux)=0] Z >

Fix an arbitrary x € [N]¥ such that U(x) = 1 and a set A C [k]. Let

p2= Pr [U(y)=0]ya=xa].
ye[N]¥

We note that the value of p> does not depend on x, A. We can think of y as being chosen by
starting from y4 , and choosing the rest of the coordinates one by one.
k.
i-1 _ k?
= = = < _—
p2=PrlU(y) =0 ya = x4] < ‘kZ/w NEEE
1=
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We prove two claims connecting the test success probability on f : ([ ]) [M]* to the
success probability of the two-query test on the function f’ : [N]¥ — [M ]k U L. Recall the

notation of agr, /10( ) from Test 2.

Claim A.5. For every function f : (U]\{I]) — [M]F, the function f' : [N]¥ — [M]* U L from
Definition A.3 satisfies

agr,\(’/lo(f’) = (1 = p1)(1 — p2) Pr[f passes Item 3 of Test 4].

Proof. Choose x, y, A according to the distribution of Test 2. If U(x) = 0 or U(y) = 0 the test fails
by definition. When we condition on U(x) = U(y) = 1, the test distribution is (A, x, y) ~
Denote by W the set of elements in x4, by X the set of elements in x ; and by Y the set of
elements in y ;. Let 711 € Sk/19 be the sorting permutation for x4. Then f, f’ satisfy f'(x)4 =
(fX, Ww)™, and f'(y)a = (f(Y, W)w)™ . Therefore, f'(x)a = f'(y)a = [f(X,W)w =

Pr[f’ passes Test 2] :Alzry [f'(x)a=f'W)a|xa=yal
= Pr [U(x) =U(y) =1]xa= yA] PrN f')a = f'(y)al
—(1 —Pl)(l —Pz) X T D[f(X W)w fOY,Wiw]
=(1-p1)1 —p2) Pr[f passes Item 3 of Test 4]

where Pra v [U(x) = U(y) = 1] x4 = ya] = (1 — p1)(1 — p2) by the definition of p1, p> . O

Claim A.6. For every function f : (U]\(I]) — [M]*, the function f’ : [N]¥ — [M]* U L from

Definition A.3 satisfies the following. For every disjoint W € (k[%]o),X € (95371]0) , every set A C

[k], |A| = k/10 and every pair of permutations 111 € Sy10, 2 € Soxj10, let x = ((W”l)A, (}2”2)5)
where the notation (y, z ;) means that we put the elements of y in order in coordinates A, and we put
the elements of z in order in the remaining coordinates. Then

1;1‘ [f'(x)a=f'(Walya=xal=(01- pz) Pr f(X UW)w = F(Y UW)w] .

Proof. Fix two disjoint subsets W € (k[%]o),X € (95371]0), a subset A C [k],|A| = k/10, and

permutations 71 € Si/10, M2 € Sokj10. Set x = ((W”l)A,()?HZ)A), since X, W are disjoint,
U(x)=1.

Let y € [N]* be a random string such that x4 = y4. If U(y) = 0, then f'(y) = L and
f'(x)a # f'(y)a . Conditioning on U(y) = 1, the distribution over y is D’|A, x. If we take Y to
be the elements of y 3, then the distribution over Y is D|W, X.

Clearly, f'(x)a = f'(y)a &= fF(XUW)w = f(YUW)w, so

Prf'(x)a = f'(Y)a | ya=xal =Pr[U(y) =0 | xa =yal Pr [f(x)a=f(y)al
y y y~D'|A,x

=1-p) Pr [fXUWw = fUWw]. =
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Proof of Lemma 4.4. Let f : (UZ ]) — [M]* be a function such that agrfj;fo( f)=€e>e % and let

f [N 1¥ — [M]* U L be the function from Definition A.3. The constant c is chosen to be small
enough so that we can apply Theorem 3.9 with @ = 1/200. Therefore, we can safely assume that
a <1/200.

By Claim A.5, f’ passes Test 2 with probability €’ = (1 — p1)(1 — p2)e = e %k . Theorem 3.9
holds for the function f’ with success probability €’ and distance parameter a.

By Claim A.6, for every disjoint W € ( k[%]o), X e (95(171]0) ,

I;r [f@a=falya=xal=0-p2) Pr [fXUW)w=FfYUW)w].

~Dw,x

Setting 1 = 1 — p1, this means that if X, W are good, i. e., they satisfy
€
Prf(XUW)w = fF(Y UW)w] 2 5

then for every set A C [k] and permutations 71, 72, the restriction 7 = (A, x4, f'(x)4) is good,
for x = (W™)a, (X™)z).

Theorem 3.9 states that with probability 1— €% a good restriction is an a-DP restriction. Every
pair W, X corresponds to the same number of pairs (4, x), so for atleast (1-€"?) > (1-€2-k?/N) of
the pairs W, X, there exists at least one set A and permutations 71, 7t such that T = (A, x, f'(x)4)
is an a-DP restriction, for x = ((W”l)A, (}?”Z)A).

Fix such a pair W, X. We prove that it is an a-DP pair. Let g; = (9+,i);c ; be the direct product
function promised from 7 being an a-DP restriction.

We set g x : [N] — [M] to be the following function:

Va € [N] gw,x(a) = Plurality {g.,i(a)},.5 -

Let
[N]
9k /10

We show next that gy, x approximates f on Viy x.

(VW,X:{YG( )‘YﬂWZ(D,f(Y,W)WZf(X,W)w}.

Fix Y € Vw x such that gw x(Y) 3aaek f(Y UW)y. We show that many of the tuples (x4, w )
obtained by permuting Y U W are “not DP”, namely f (x4, w 7); is far from g.(w) for w = Y™
for many choices of the permutation m3. Since 7 is a DP-restriction this must be a rare event,
allowing us to upper bound the fraction of such Y.

Let B C Y be a set of exactly 3ak elements on which gw x(Y) and f(Y U W)y differ. That is,
|B| = 3ak and for each b € B, g x(b) # f(Y UW);.

For every b € B, since gw,x(b) is the most frequent value among g- ;(b), for at least half of
the coordinates i € A, g, ;(b) # f(Y UW);, . We call such coordinates i bad (for b), and the rest
of the coordinates good. Let 713 be a random permutation on 9k /10 elements, so w = Y7 places
the element b in a random location. Let I be the random variable indicating that b is mapped,
via 73, into a good location.
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We will show that with high probability, a non-trivial portion of the elements in B are sent to
a bad location. For this we will apply the tail bound in Fact 2.6. We prove that {I}, },cp satisfy the
conditions of the fact. Fix aset S € B, denote |S| = t and denote the elements of S by by ..., b;
using an arbitrary order. Fix some b’ € B\ S, then,

1;3r[1b/ =1 Niegey Ip; = 1] = Z Pr [Vj € [t], m3(bj) = ij] Pr [Iy = 11V] € [t], m3(b;) = ij]
il,...,itEA,ijiijr

<  max {Pr [Ib' =1|Vj € [t], ma(bj) = if]}

i1,..,ir€A iy (T3
< AL 5
|A| =S|
The last inequality is because |S| < |B| < 3ak, and we used that @ < 1/200. Using this inequality
we get that for every S C B, Pry, [Apeslp = 1] < (0.51)!51. By Fact 2.6,

2 2
Pr < 3ak2(3-051)" o 0.14ak

P Zlb > 2ok

beB

k
Whenever 73 is a permutation with Y,,cp Iy < 2ak, it follows that f'(xa, w)z g g.(w) (for
w = (W)™). Therefore, we get that

3ak —-0.14ak ’ ak ”
Pr [gwx(Y) # f(YUW)y (1—e ' )S Pr [f'(xa,w)z # gc(w)| < €.
YE(Vw/X wG(V-[
This implies that
Sak 2 —014ak 2
Pr gw/x(Y) % f(Y UW)y| <e“+e™ < 2e”. O
YE(Vw/X
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