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The Gram—Schmidt Walk:
A Cure for the Banaszczyk Blues

Nikhil Bansal*  Daniel Dadush®  Shashwat Garg*  Shachar Lovett}

Received July 24, 2018; Revised December 12, 2019; Published December 23, 2019

Abstract: A classic result of Banaszczyk (Random Str. & Algor. 1997) states that given any
n vectors in R™ with ¢»-norm at most 1 and any convex body K in R™ of Gaussian measure
at least half, there exists a £1 combination of these vectors that lies in 5K. Banaszczyk’s
proof of this result was non-constructive and it was open how to find such a =1 combination
in polynomial time. In this paper, we give an efficient randomized algorithm to find a -1
combination of the vectors which lies in cK for some fixed constant ¢ > 0. This leads to new
efficient algorithms for several problems in discrepancy theory.
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1 Introduction

Let (X,8) be a finite set system, with X = {1,2,...,n} and 8 = {S1,52,...,Sx} a collection of subsets
of X. Given a two-coloring x : X — {—1,1}, the discrepancy of a set S is defined as |x(S)| where
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x(S) = Yicsx(i), and measures the imbalance between the number of elements in S colored —1 and 1.
The discrepancy of the set system (X, 8) is defined as

disc(8) = min max|x(S)]
xX—{-1,1} S€8
and is the minimum imbalance achieved by all the sets in § over all possible two-colorings.
Discrepancy is defined more generally for any m X n matrix A as

disc(A) = min ||Ax]e.
xe{-1,1}"
That is, minimum achievable {..-norm of the vector Ax over all two-colorings x of the columns of A. This
can be seen as a vector balancing problem: given vectors vy, ...,v, € R™ (specified by the columns of A),
find a two-coloring x : [n] — {—1,1} to minimize || Y7, x(i)vi||. The set system view mentioned earlier
corresponds to the special case where A is the incidence matrix of the set system with columns indexed
by elements in X and rows by sets in 8.

Discrepancy is a widely studied topic and has applications to many areas in mathematics and computer
science. In particular in computer science, it arises naturally in computational geometry, data structure
lower bounds, rounding in approximation algorithms, combinatorial optimization, communication com-
plexity, pseudorandomness and differential privacy. For more on these connections we refer the reader to
[14, 27, 30].

One of the earliest techniques employed in discrepancy theory was linear algebraic in nature and
similar to the well-known iterated-rounding technique [9, 12, 22]. Though this technique gave surprisingly
goodbounds for some problems in discrepancy theory, there remained a big gap between the bounds
obtained and the lower bounds known for these problems.

A huge breakthrough was made in the early 80’s with Beck’s partial-coloring method [11], that was
further refined by Spencer to the entropy method [35]. A similar approach based on ideas from convex
geometry was developed independently by Gluskin [19]. Roughly speaking, this method guarantees the
existence of a coloring of a constant fraction of the elements where every set in the set system incurs
a low discrepancy. This is then repeated O(logn) times in order to get a coloring of all the n elements.
The partial-coloring method led to improved bounds for many problems in discrepancy theory and in
particular, it led to the famous “six standard deviations” theorem of Spencer [35]: given a set system with
n sets and n points, there exists a coloring of discrepancy at most 61/n. This bound is tight up to constant
factors.

While the original proofs of the partial-coloring method were based on the pigeonhole principle
and were non-algorithmic, several new algorithmic versions of the partial-coloring method have been
developed over the past few years [3, 25, 34, 20, 16]. In particular, all known applications of partial-
coloring [35, 27] can now be made algorithmic. These ideas have also led to new results in approximation
algorithms [33, 4, 8, 32].

Despite its huge success, the partial-coloring method gives suboptimal bounds for many problems.
The reason is that the partial-coloring step only colors a constant fraction of the points and hence must
be repeated O(logn) times before all the n points are colored. The discrepancies incurred at each of
these steps are independent of each other and in fact can add up adversarially. Consider for instance the
long-standing Beck-Fiala problem [12] about discrepancy of low-degree set systems, where every point
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lies in at most 7 sets. Here, one round of partial-coloring ensures a discrepancy of O(v/7) to every set, but
over all the O(logn) rounds the discrepancy ends up being O(v/logn). On the other hand, the Beck-Fiala
conjecture is that the discrepancy of such set systems should be O(v/2). Such logarithmic-factor gaps
also exist in several other problems in discrepancy theory for similar reasons.

Banaszczyk’s method. One of the key results in discrepancy theory is the following result by Ba-
naszczyk [1].

Theorem 1.1 (Banaszczyk). Given any convex body K C R™ of Gaussian measure ¥, (K) > 1/2, and
vectors vi,...,vy € R™ with {y-norm at most 1, there exists a coloring x : [n] — {—1,1} such that
Y x(i)vi € cK, where c is an absolute constant. In particular, c =5 suffices.

Here the Gaussian measure 7,(S) of any measurable set S C R™ is defined as

e~ IF/2gy

Yu(S) = Prlg € 5] = / T
where g is a standard Gaussian random vector in R™.

In contrast to the partial-coloring method, Theorem 1.1 gives a full coloring directly, resulting in
improved bounds for several problems. For instance, Banaszczyk’s result implies a discrepancy bound
of O(+/tlogn) for the Beck—Fiala problem and an O(+/logm) bound for the Komlés problem (defined
in Section 1.2). The latter follows by noting that an O(y/logm) scaling of the hypercube [—1,1]" has
Gaussian volume at least half. This was further improved to O(y/logn) in [10] (standard reductions give
n < m [12]). Matousek et al. [28] used it to bound the hereditary discrepancy with O(y/logm) factor of a
certain matrix factorization norm, and Larsen [21] used it to give update-query tradeoffs for dynamic data
structures. Theorem 1.1 was also used in a very interesting way in a later work by Banaszczyk [2] to
show improved bounds for several variants of the Steinitz problem. Recently, Nikolov [31] used this to
obtain improved bounds for Tusnddy’s problem.

Banaszczyk’s proof is highly elegant and based on deep ideas from convex geometry. However,
his approach is non-algorithmic and finding an algorithmic version of Theorem 1.1 has been a major
challenge in discrepancy theory [34, 30, 15]. Partial progress was made on this recently [5, 7, 23] and
algorithms achieving the same bounds as Banaszczyk for the Komlés problem and for the Steinitz problem
in the {.-norm were obtained. Roughly, these results correspond to the case when the convex body K in
Theorem 1.1 is a scaling of the hypercube, and the question about general convex bodies remained open.

In a recent paper, Dadush et al. [15] reformulated Banaszczyk’s result in terms of certain sub-
Gaussian distributions and reduced the question of finding an algorithmic version of Banaszczyk’s result
to constructing such sub-Gaussian distributions. To state this result, we first need some definitions. A
random vector Y taking values in R" is said to be sub-Gaussian with parameter ¢ (or 6-sub-Gaussian) if
for all 6 € R™,

E {e<e,y>} < (a?/2)lI6]3

Roughly, the entries of Y are approximately independent while having Gaussian-like marginals. Observe
that a standard Gaussian random vector is 1-sub-Gaussian.
We can now state the result of [15]. Let (P1) denote the following statement:
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“Let vy,...,v, € R™ be vectors with £;-norm at most 1 and let xo € [—1,1]". Then there
exists a distribution D on {—1,1}", such that for x sampled from D, the random variable

1 (x(i) — xo(i))v; is o-sub-Gaussian, for some absolute constant ¢ > 0. Moreover, for
every i for which xo(i) € {—1, 1} we have x(i) = xo(i) with probability one.”

(P1)

Theorem 1.2 (Dadush et al.). Theorem 1.1 (up to the exact value of c) is equivalent to the statement (P1).

More precisely, for vi,...,v, € R™ of la-norm at most 1 and a convex body K C R™ of Gaussian
measure at least 1/2, there exists xo € [—1,1]" such that for x(1),x(2),...,x(n) with properties as
promised by (P1).

(i) Lxo(i)vi €K,
(ii) Proop[Yi x(i)vi € cK] > 1/2,

where D is as in (P1) and ¢ := ¢(0) is an absolute constant.
Furthermore, for a symmetric convex body (i.e., K = —K), the choice xo = 0 suffices, and for a
general convex body given by a membership oracle, xy can be computed in expected polynomial time.

The above theorem implies that to get a constructive version of Theorem 1.1 for any convex body it
suffices to give an algorithm that can efficiently sample from the o-sub-Gaussian distributions in (P1).
Furthermore, restricting the sampler to the choice xo = 0, gives a universal algorithm for finding colorings
that land inside any symmetric convex body of Gaussian measure at least 1/2.

The idea behind Theorem 1.2 is the following. Suppose first that K is symmetric about the origin.
Then as %, (K) > 1/2, arandom Gaussian vector G satisfies Pr[G € K] > 1/2, or equivalently, Pr[||G||x <
1] > 1/2 where || - ||k is the norm having K as its unit ball. By standard tail bounds, this gives that
E[||G|lk] = O(1). Theorem 1.2 now follows with xo = 0 by the following theorem of Talagrand, together
with Markov’s inequality.

Theorem 1.3 (Talagrand [38]). Let K C R™ be a symmetric convex body andY € R™ be a 6-sub-Gaussian
random vector. Then for the standard Gaussian in G € R™ , we have that

E[llY[[x] < o-c-E[||G| k]
where c is an absolute constant.

Next, suppose that K is non-symmetric but satisfies the slightly stronger condition! ¥, (K) > 3/4.
Then the body K N (—K) is convex and symmetric and has Gaussian measure at least 1/2 (as ¥, (K¢) =
Y((—K)¢) < 1/4), and we can apply the argument above to KN (—K). For non-symmetric bodies K with
Gaussian measure 1/2, Dadush et al. [15] show that one can compute a well chosen center x in K and
reduce to the symmetric case by symmetrizing K around xjp.

! As far as we know, for all known applications of Banaszczyk’s result, it makes no qualitative difference whether 7, (K) > 3/4
or ym(K) > 1/2.
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1.1 Main result

In this paper we give the first efficient algorithm for obtaining Banaszczyk’s result (Theorem 1.1), which
also yields a new constructive proof, by providing a new random walk procedure to sample from the
requisite sub-Gaussian coloring distributions. We dub this procedure the Gram—Schmidt walk and state
its guarantees below:

Theorem 1.4 (Gram—Schmidt Walk). There is a polynomial-time randomized algorithm that, given as
input vectors vi,...,v, € R™ of l,-norm at most 1 and xo € [—1,1]", outputs a coloring x € {—1,1}"
such that the random variable Y, (x(i) — xo(i))v; is sub-Gaussian with parameter ¢ = /40 ~ 6.32.
Moreover, if |xo(i)| = 1 then x(i) = xo(i) with probability 1.

Our algorithm in fact runs in time of O(n- (n+m)®), where ® is the exponent of matrix multiplication.
In particular, it runs in #n iterations (one variable gets colored at each iteration), and in each iteration the
most expensive step is solving a linear system in z variables and m equations, which can be done in time
O((n+m)®).

Previous works on the problem either achieved O(1)-sub-Gaussanity only for coordinate directions
[5, 7], or achieved O(+/logn)-sub-Gaussianity in all directions [15]. In contrast, Theorem 1.4 gives
O(1)-sub-Gaussianity guarantee in all directions. In contrast to the algorithms in [5, 7], where the steps
for the walk were generated by solving a semidefinite program at each step, the walk steps for our sampler
require only basic linear algebra, namely, the Gram—Schmidt orthogonalization. The idea for the walk
was inspired by the constructive proof of Dadush et al. [15] for the existence of solutions to the Koml6s
vector coloring program of Nikolov [29], where the Gram—Schmidt orthogonalization plays a crucial role
in the analysis.

1.2 Other results

Theorem 1.4 directly gives an algorithm for previous applications of Banaszczyk’s result.

Komlos problem. This is a generalization of the Beck—Fiala problem and is defined as follows: given
an m X n matrix A with columns of ¢,-norm at most one, find a coloring x € {—1,1}" to minimize
disc(A) = ||Ax||e. The Koml6s conjecture [36] states that disc(A) = O(1) and is a generalisation of the
Beck-Fiala conjecture. Theorem 1.1 directly gives an O(y/logn) bound for the Komlés problem [1].
While algorithms to find such a coloring were recently given in [5, 7, 23], Theorem 1.4 gives another,
more direct, algorithm to find such a coloring.

¢, discrepancy. For p € [1,0), the £, discrepancy of an m x n matrix A under a coloring x is defined as

1 1/p
(lav)

Matousek [26] showed an ¢, discrepancy bound of O( pt'/2) for the Beck—Fiala problem, using partial-
coloring methods. An improved bound of O( pY/ 2) for the more general Komlés setting follows directly
from Banaszczyk’s result (and a standard estimate of the Gaussian measure of the /,,-ball). Our result
gives an algorithmic version of this bound.
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Corollary 1.5. There is an efficient randomized algorithm which given a matrix A with n columns of
ly-norm at most 1, and p € [1,0), finds a {—1,1}" coloring with expected £, discrepancy O(,/p).

Remark 1.6. The single algorithm given by Theorem 1.4 produces a (random) coloring that simulta-
neously achieves this bound for every p € [1,e0). In contrast, the coloring in Banaszczyk’s approach
depends on the body K which is different for different values of p.

Discrepancy relative to y;-norm. Given an m X n matrix A and a set J C [n], let A|; denote the m x |J|
matrix restricted to columns of A in J. The hereditary discrepancy of A is defined as

herdisc(A) = maxdisc(A|;).
JCn]
Hereditary discrepancy is often a better measure of the complexity of a set system than the discrepancy.
It is also rather well behaved; while no polynomial time algorithm can distinguish between set systems
with zero discrepancy and set systems with O(/n) discrepancy (assuming P # NP) [13], hereditary
discrepancy can be efficiently approximated. It was shown in [28] that for any matrix A,

Q(12(A)/logm) < herdisc(A) < O(2(A)+/logm), (1.1)

where 1»(A) is a matrix factorization norm that can be efficiently computed by a semidefinite program.

The proof for the upper bound above was non-constructive in the sense that, given any J C [n], it was
not known how to efficiently find a coloring x : J — {—1, 1} with discrepancy of A|; bounded by the right
hand side of (1.1). Using Theorem 1.4, we get an algorithm to find such a coloring.

Corollary 1.7. There exists an efficient randomized algorithm that, given any m X n matrix A and J C [n],
returns a coloring x : J — {—1,1} such that with constant probability,

14 }x]le0 = O(12(A) /logm).
A generalization of Banaszczyk’s result. We also give a generalization of Theorem 1.1. Let BY
denote the Euclidean ball in R” of radius 1 and centered at the origin.

Theorem 1.8. Let S1,S5,...,S, be sets such that for each i € [n], S; C B} and 0 lies in the convex hull
of Si. Then for any convex body K with ¥,(K) > 1/2, there exist vectors v; € S; such that Y'*_, v; € cK,
where ¢ > 0 is an absolute constant. Moreover; there is an efficient algorithm to find these vectors.

Theorem 1.1 is the special case of the above theorem, obtained by taking the sets S; = {—v;, v;} for
each i € [n]. We will constructively reduce Theorem 1.8 to Theorem 1.1, which implies that an algorithm
for the latter also gives an algorithm for the former. Similar generalizations for several other problems in
discrepancy theory are mentioned in [9].

1.3 Organization of the paper

We state the algorithm for Theorem 1.4 in Section 2. The analysis is in Section 3, with a sketch of the
main ideas in Section 3.3. The applications are discussed in Section 4.
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2 Algorithm description: The Gram—Schmidt walk

The algorithm will proceed in time steps t = 1,2, ..., n, and will maintain a fractional coloring x, € [—1,1]"
at all time steps. Recall that x¢ is an arbitrary initial fractional coloring. Let x; denote the coloring at the
end of time step 7. An element i is called alive at time ¢ if |x,_;(i)| < 1 and frozen (or fixed) otherwise.
Let A; C [n] denote the set of alive elements at time 7.

We now give some notation to describe the update step at each time 7. Let n(z) € A; denote the
largest indexed element that is alive at time 7. We call n(r) the pivor element at time ¢. Let V; denote the
subspace spanned by the vectors {v; : i € A;,i # n(t)} and let v (¢) := ITy, 1 vy denote the projection of
V(r) orthogonal to V.

We now describe the algorithm formally.

Algorithm description:
Input: vectors vy, ...,v, € R™ of £;-norm at most one; an initial coloring xo € [—1, 1]".
Output: coloring x € {—1,1}".
1. Given the initial coloring xy, initialize A; = {i € [n] : |xo(i)| < 1}, n(1) =max{i € A; } and
t=1.

2. While A; # 0, do the following:

(a) Compute an update direction u; = (u;(1),...,u;,(n)) € R" as follows:
o ifi¢ A setu (i) =0.
o ifi=n(t)setu (i) =1.
o for i € A\ {n(t)} set u;(i) to satisfy v*=(r) = v, + Yiea\{n()} U (i)vi, where
v1(¢) is the projection of Vu(r) On the subspace orthogonal to the span of the
vectors {v; : i € A;,i # n(t)}.

(b) Let 8, <0< & be the unique negative and positive solutions for &, respectively, for
the equation max;ea, |x—1 (i) + 6u; (i)| = 1. Update the coloring x;,_; randomly as

Xy = X1+ 5tut

where & € {8, , 8, } is chosen randomly as

s _ | & with probability o,
"] & with probability 52—

(c) Update A,y ={i € [n]:|x(i)| < 1},n(t+1)=max{i €A,y 1} andt <+ 1+ 1.

3. Output x;.

Note that v*(¢) depends on both A; and Va(r)» and may change between time steps (if A, changes)
even if n(¢) remains the same. From the perspective of the walk, v*(¢) will correspond to the direction
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that the output of the random walk will move in during timestep ¢. In other words, the update direction
u;, in the step 2(a), ensures that Au; = v*(i). The step 2(b) is the standard randomized pipage-rounding
step [37, 18], where the algorithm updates the coloring randomly along the direction u;, while ensuring
that the update has mean-zero, and x; stays in [—1,1]" and at least one additional coordinate of x, reaches
—1 or 1. To justify the name of the walk, note that v (¢) is simply the last vector of the Gram—Schmidt
orthogonalization of the ordered sequence of vectors (v;)ica, -

3 Algorithm analysis

We proceed now to the analysis of our algorithm. In the first subsection we develop some preliminaries
which will be helpful later. The main ideas and the roadmap of the analysis are in Section 3.3.

3.1 Preliminaries

To bound the discrepancy, we will use a concentration inequality which is a variant of Freedman’s
inequality for martingales [17]. The following lemma will be useful.

Lemma 3.1. Let X be a random variable such that X < 1. Then for any A > 0,
E[e*] < exp (AE[X]+ (¢* — A~ DE[X?])

Proof. Let
e*M—Ax—1

flx) = >

X

where we set f(0) = A2/2. It can be verified that f(x) is increasing for all x. This implies e** <
f(1)x* + 1+ Ax for any x < 1. Taking expectations, this becomes

E[e] < 1+EAX] + f(DE[X?] = 1+ AE[X] + (¢! — A — 1)E[X?] < e* BN+ -A-DEX]
where the last inequality uses the fact that 1 +x <e”. O

We will use the following concentration inequality to bound the discrepancy, which is a slight variant
of Freedman’s inequality for martingales [17].

Lemma 3.2. Let Xy,...,X,, and Zy,Z,,...,Z, be random variables that satisfy
1. Zy is deterministic,
2. Zi—7Z,1 <X forallt =1,...,n with probability one,
3. X, <1forallt =1,...,nwith probability one, and

4. Forallt =1,...,n, and for all admissible values z,...,z—1 for Z1,...,Z;_1, with probability one
it holds that E[X, +X? | Zy = z1,...,Z-1 = z_1) < 0.
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Then
E[e?] < e®.

Proof. Let A > 0 be a real number to be determined later. We shorthand as E,_;[-] the conditional
expectation E[|Z,,...,Z;_]. We first bound E,_;[e*#] for which we observe the following:

E,_, [ezz,} — MR, [e)t(z,fz,,l)]
< MR, [elx,}
setexp OEH X1+ (" —A = DE.-, [thD (using Lemma 3.1)
< eMiexp ((el —21—DE,_, [th]) (using Byt X] < —Erot[x). 1)

Set A > 0 to be the (unique) solution of e* — 21 — 1 = 0. We first claim that A > 1. This follows as
e* <14+x+x>forx<1,andhencefor0 <A <1,e* 21 -1<A?>—1 <0.
Using this A in (3.1) gives E,_; [elzf] <eri-1, As

E[e*?] = EoE, ...E,_[e*%],

by induction, we have that E[e*%] < E[e*%] = e, as Z is deterministic.
As A > 1, by Jensen’s inequality E[e?] < E[e}%]!/* < &%, as needed. O

Remark 3.3. Condition (4) in Lemma 3.2 can be improved to E,_{[X; +cX?] < 0 for ¢ > e — 2, as the
analysis only needs that the non-negative solution A of e* — (¢4 1)A — 1 = 0 should satisfy A > 1.

3.2 Notation and preliminary observations

We can now start with the analysis of the algorithm. Since at the end of each time step #, at least one more
element gets colored —1 or 1, the algorithm clearly terminates in at most n steps. To simplify notation, if
the algorithm terminates after + < n steps and outputs x;, we set X, = ... = X, := X;. As we maintain
||%¢|| < 1 for all time steps 7, we see that x,, € {—1,1}".

It should also be noted in step (2.a) of the algorithm that such a direction u, always exists. This is
because v, ;) — vE(t) lies in the subspace V; and hence there always exist u,(i)’s such that

V(o) —vi()=— Y wliv
i€eA\{n(t)}
This then gives v (1) = v,y + Liea\ ()} e (0)Vi = Lica, e (i)vi. As u,(i) = 0 if i ¢ A,, we obtain that

vi() = iu,(i)vi. (3.2)
i=1

We now focus on showing the sub-Gaussian bound in Theorem 1.4. Henceforth, we fix a vector
6 € R™ with respect to which we want to show sub-Gaussianity. Let A be the m x n matrix whose columns
are given by vy,...,v,. Define Y := Y7 | (x(i) —xo(i))v; and let

-

I
—_

disc(6) = (6,Y) = (8, i(x(i) —xo(i))vi) =

i=1 i

(x(i) —x0(i)) (6, vi)

THEORY OF COMPUTING, Volume 15 (21), 2019, pp. 1-27 9
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and hence (0,Y) can be seen as the discrepancy of the “row” 87 A, which has (8,v;) as its i-th entry.
Let us denote the respective signed discrepancy at the end of time step ¢ by

=

disc, := (6,

n
1=

(% (i) —x0(i))vi) =

1

(% (i) —x0(i)) (0, vi),

1

let
At.x ::xt — X1 — 6[”[

denote the coloring update at time ¢, and let
n

Asdisc := disc, — disc,; = Y (0, v;)Ax(i) = §,

i=1

(0,viyu, (i)

(agE

1

be the change in discrepancy at time 7. Our end goal is to show that E[edise] < (@*/2I0lZ for o = O(1)
to be computed later.
A key observation is that the change in discrepancy at time ¢ depends only on the vector v (¢).

Lemma 3.4. At each time step t, A, disc = &(0,v(t)).

Proof. The change in discrepancy at time ¢ is

n n

Adisc =8 Y (0, vi)u, (i) = 8,(0, Y s (i)v) = 8,(6,v* (1)),

i—=1 i=1

where the last equality follows by (3.2). O

3.3 Main ideas

Before we give the technical details, we describe the main ideas of the analysis, which are simple, and
then give a roadmap of the analysis.

First, as our algorithm can start with any initial coloring xo, we may assume without loss of generality
that the vectors vy, ..., v, are linearly independent. Otherwise, we can apply a standard preprocessing
step that removes linear dependencies, by finding some linear dependency among the vectors and making
an update step which incurs zero discrepancy.

Our algorithm can be viewed as a randomized extension of the above dependent rounding approach.
Suppose for a moment that the element that got colored at each time step was the pivot. That is, the
elements got colored in the order n,n — 1,...,1. Then, at time ¢, the pivot is n(t) = n—1+ 1 and the
vectors v (¢) can be described as follows. Let wy, ..., w, be the orthonormal vectors obtained by applying
the Gram—Schmidt orthonormalization procedure (GS) on the vectors vy, ..., v, in that order. That is,
wi =v1/||v1]| and for i > 1, w; is the projection of v; orthogonal to vy,...,v;_, normalized to have unit
norm. By our assumption that the vectors v; are linearly independent, each w; is non-zero. It is easily
checked that v (¢) = (Vi()> Wn(s))Wn(s)- Another observation that will be useful later is that w, ;) (and
hence v*(¢)) depends only on the set {vy, ... ;Vn(r)—1} and not the particular order in which GS is applied
to this set.
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Now &, is a mean-zero random variable which is independently chosen at each time ¢. Also |5 <2
for all ¢ (see Lemma 3.7). This suggests that the moment generating function of the discrepancy is

E [edisc(e)] _E [ez;;]ma,vw»} < QO)Ti (0.0 ()%

But this is at most e?() 1013 a5

Z(G’VJ_(I»Z = Z<97 <vn(t)7wn(t)>wn(t)>2 < Z<97Wn(t)>2 < HGH%
t

t t

Here the first inequality follows as [ (v, (), Wn())| < 1 as the w;’s are orthonormal unit vectors and [|v;|2 <1
for each i. The second inequality follows as Y;(6,w;)? < ||8]|3 for any orthonormal collection of vectors
wi.

There are two issues that need to be addressed in the simplified description above. First, non-pivot
elements may get colored sometimes. That is, the variables may not get colored in the order n,n—1,..., 1.
The key point of the analysis is to show that this only makes the problem easier. To make this a bit more
precise, let us view Y;(8,w;)? < ||6]|3 as the energy budget initially available to us. If some non-pivot
element x; is colored at some time ¢, then the GS procedure (without v;) will produce a different set of
orthonormal vectors {w’}. However we can bound the increase

<97W;(t)>2 - <97Wn(t)>2

in the pivot’s energy by the amount (8, w;)? which was available to us, but we will never use it anymore
as k will never be a pivot once it is colored. The formal analysis later on will divide the time steps into
phases where the pivot element remains the same during a phase and consider the evolution of v (¢) in
each phase.

A second technical issue is that to obtain a sub-Gaussian distribution for all 8 € R™, we need to
control the variance of the energy which requires that [(6,v*(¢))| = O(1). Let us refer to the times when
this does not happen as bad times. To get around this issue we break the discrepancy contribution into
two parts: a deterministic part due to the bad times, and a random contribution due to the other time
steps. Again by considering the dynamics of how v (¢) evolves during a phase, one can show that the
cumulative discrepancy due to all the bad times can be at most O(||0]|3).

3.4 Phases and dynamics of pivots

To analyze the process, we need to set up some more notation. Let 7" be the first time at the end of which
all the elements are colored. Recall that at the beginning of each time step 7 € [T'], there is some pivot
element n(¢) and some set of alive elements A,. Recall that V; = span{v; :i € A,,i #n(t)}. After the
update at time ¢, some element is frozen. By convention, we define V) := span{vy,...,v,}. Note that for
any time ¢ € [T], we have V; C V,_;.

We divide the time steps ¢ € [T] into k € [T] disjoint phases, where a phase is a maximal sequence of
time steps with the same pivot element (note that k is a random variable). Let t,f be the time when phase
k € [x] begins and #{ be the time when this phase ends. Note that n(¢) = n(t?) for all t € ¢, t{] and the
pivot element n(r?) gets frozen after the update at time step #{. Thus, the first phase, with n(1) as pivot,
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begins at the beginning of time step t{’ = 1 and ends at the end of time step 1{ = té’ — 1. Given a time
t € [T), we define f; = min{t’ € [¢] : n(¢') = n(t)} to be the beginning time of the phase that ¢ belongs to.
Note that if € [?,#¢] then f; =10.

We will now give a useful characterization of the discrepancy vector v*(¢) at any time step ¢ € [T].
For any subspace W C R™, let W denote the subspace orthogonal to W and let ITy () denote the
projection operator on W. For two linear subspaces Wy, W, satisfying W; O W,, we use the notation
Wi /Ws =W N Wk,

Lemma 3.5. Ar each time step t € [T| of the algorithm the following holds:
1

vi() = Y Ty (vags)s 3.3)
7

where the subspaces V;_y /V; are mutually orthogonal.
Lemma 3.5 follows directly from the following useful fact.

Lemma 3.6. Let R" D Wy DO W, D --- D W, t > 1, denote a non-increasing sequence of linear subspaces
and let y € Wy. Then the subspaces W;_1 /W for i € [t] are mutually orthogonal and are also orthogonal
toW;, and

My (y) = Y My, yw, (0)- (3.4)
i=1

Proof. We first prove orthogonality. Let W;;; = 0 denote the empty subspace. Then W, = W; /W, ;. Now
for 1 <i< j<t+1, we need to show that W;_; /W; and W;_; /W; are orthogonal. This follows directly
since W;_1 /W; is orthogonal to the subspace W; and Wi_ / W; CW;_; CW;since j—12>1.

To prove (3.4), notice that span{W; U (W;_; /W;)} = W;_; and thus by induction,

t+1

i=1
where each of the subspaces W;_; /W; are mutually orthogonal. This implies that for y € Wy,
t+1 t
y=Mw, () =Y Ty, w() =Y Ty, w )+, ().
i=1 i=1

The lemma follows now by observing that ITy,. (Iy,) = 0 and I1y, . (Iyw,_, w,) = Iw,_, w, as Wi—1/W; C
Wi O
Proof of Lemma 3.5. First, by definition of f;, note that n(r) = n(f;) and hence

vL (t) = HV’L (Vn(,)) = HV[L (Vn(f,))'

We now check that v,y € Vi1 If f; = 1, this is immediate since Vo = span{vy,...,v,} by
convention. Otherwise, since n(f;) is both alive and not the pivot at time f; — 1 > 1, we have that
n(ft) € Aj—1 = vu(s) € V1. The main statement now follows directly by applying Lemma 3.6 on the
subspaces V1 2 Vy, D --- D V; and the vector Va(f;)- O
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3.5 Discrepancy in a phase

We now bound the discrepancy incurred during any subinterval of a phase. We first need the following
simple but very useful fact.

Lemma 3.7. Let p < g be any two time steps in [t,’(’,t,i] during a phase k € [k|. Then ‘Z?:p 5,‘ <2

Proof. At any time ¢ € [p,q|, note that n(¢) = n(p), i. e., the pivot remains unchanged. The color of the
pivot element n(p) at time 7 € [p, g| is updated by &u,(n(p)) = & and hence

%4(n(p) 51 (n(p) = ¥ .
1=p

As |x;(n(p))| < 1 forall t € [T], we have that [x,(n(p)) —x,—1(n(p))| < 2 as needed. O

Lemma 3.8. Let p < g be any two time steps in [t].t{] during a phase k € [k]. The discrepancy
|disc, —disc,_1 | incurred during the time interval [p,q| is at most 2||6®) ||, where

o) .= My, v, (0).
It k

Furthermore, the subspaces Ve /Vi¢ for k € [k] are mutually orthogonal.
Proof. We first prove orthogonality. Take k;,k; € [k|, where k; < k. We must show that the subspaces
Vz,’;l ~1 /Vt,f1 and szz 71/Vt,fz

are orthogonal. This follows since the first subspace is orthogonal to Vi and the second subspace is
1

contained in Vy | C Vie since t,'jz —1 > 1 . We now prove the main statement. First, note that
2

q
disc, —disc,—1 = Y §(6,v(1)). (3.5)
1=p

By Lemma 3.5, for ¢ € [p,q| C [t?,1f], letting & := n(t?) = n(t) denote the pivot index, we have that
t
VJ'(Z> = HVIL (Vh) = Z HVi—l/Vi (Vh). 3.6)
i=t}
Combining (3.5), (3.6) we get that

t

q
|disc, —disc, 1| = [} & Y (y,_, jv;(v), 6)
t=p

_—
l—Ik

= imwil/v,-(vh)ﬁ)' i 8

i=t} t=max{i,p}
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q q
< Z ’<HVF|/Vi(vh)’9>" Z 6[
l'_,II: t=max{i,p}
q
<2 Z }<HVi—1/Vi (vn), 9)’ (by Lemma 3.7)
i=t}
q
=23 [y, v, (va), Ty, v, (6))] - (3.7)

Now applying the Cauchy-Schwarz inequality twice, we get

q
[Ty, , v (vs), Iy, v (6))] (3.8)

1=t

q
< Y Iy, v (vn) 21Ty, v,(6) 12

i=t?
1/2 1/2
. 2 L 2
< | Xy wonlz ] | Xy, wm(0)l2
i=t} i=t}
<My, v, Va)ll2- 1Ty, v, (0)]l2
<My, 1,0l (since [[vgll2 < 1)
k
< HHV[M/VtE (0)]2 (since V; D Vie) (3.9)
k

where the third inequality follows by orthogonality of the subspaces V;_;/V; for all i € [t,f ,t7], and their
containment inside V,’;:_l /Vy. The lemma now follows by combining (3.7), (3.9). ]

Notice that discrepancy {disc; : t > 0} is a martingale. For the rest of the analysis, we will define
another closely related martingale {Y;} and show that the sub-Gaussianity of {disc; } follows from the
sub-Gaussianity of {Y; }. Then, we will show the sub-Gaussianity of {V, }.

Define the random process {Y; : 7 > 0} as

0 ifr =0,
Yi:=qY ifHHVfF]/Vt(Q)Hz > 1/8a
Y, 1 +A;disc otherwise.

Note that E[Y; | ¥1,...,Y%—1] =Y and thus {Y, } is a martingale. To prove Theorem 1.4, we will bound
the exponential moment of disc,.

Theorem 3.9. E[edis¢] < 20[16113

Note that this directly gives that the walk is v/40 ~ 6.32-sub-Gaussian.
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To control this exponential moment, we will split
disc,, = discy = (discy —Yr) + Y7,

where (discy —Yr) will correspond to the discrepancy incurred during “bad” times and Y7 corresponds to
the “good” times. More precisely, call a time step 7 good if [|[Ily, _, v, (8)[]2 < 1/8 and bad otherwise. Let

Bi= {’ €[T]: My, _, v, (6)ll2 > 1/8}
denote the set of bad times. Note that

discyr =Yr + Z A, disc.
teB
The following lemma now shows that the discrepancy incurred during the bad times can be upper bounded
deterministically.

Lemma 3.10. |Y, . A, disc| < 16]/6]3.

Proof. For each k € [k], let By denote the set of bad time steps in phase k. Notice that in a phase, once a
time step becomes bad, all subsequent time steps in that phase are bad as the length of Ily, , y, (0)isa
non-decreasing function of ¢ during a phase (as V; 1 C V; for every t). Thus, the set By, if non-empty,
forms a consecutive interval (ending at the end of phase k), and hence Lemma 3.8 can be applied to it.
Recall that we denoted
k) .— HV,};_I/V,;(Q) for k € [k].

Note that the vectors 6(), ..., 0(%) are mutually orthogonal. Furthermore, by the argument above, for any

phase k € [«] with B # @ we have that |0 || > 1/8.
The discrepancy incurred during bad times can now be bounded as follows

Y Addisc| < Y | ) Adise

reB kelx] [1€By
< ) 26W], (by Lemma 3.8)
kG[K],'Bk;é@
< Y 166" (161> 1/8it B #0)
kG[K],'B/(;é@
<1663 (by orthogonality of 6, .. .,6(")> ) O

3.6 Bounding the discrepancy

We now prove Theorem 3.9. To this end, we will define potential functions that capture how the variance
of ¥; increases over time. For ¢ € [T|, define the subspace R, := span{v; : i € A;}, i.e., the span of the
active vectors. Note that at any timestep ¢ € [T, the discrepancy direction v (¢) € R, /V,. Consider the
potentials
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t .

o 1Ty, (6)|* + (1 —xi—1 (n(r))?) [T, v, (6)||3  if £ is good,
1Ty, (6)]* if 7 is bad,

and

t -

f 1Ty, (8) 1> + (1 —x:(n(2))*)|[Tg, v, (6)]13 if £ is good,
1Ty, (6)]]* if 7 is bad.

Here we think of ®? as the potential at the beginning of time step ¢ and ®¢ as the potential at the end of
time step 7. By convention, we define ®§ = ® = ||6||3.

As by Lemma 3.10 we have deterministic control over the discrepancy incurred during the bad times,
our goal is now to control the discrepancy during the good times. Namely, we need to bound the process
Yo,Y1,...,Yr. Here, the main idea is to charge the drop in potential to the increase in discrepancy. To this
end, we define the potential weighted discrepancy process {Z; } for t > 0 as

Note that Yo = 0, Zy = 49 = 403 and Z, > Y; for all t > 0. For ¢ € [T + 1,n] we define Z; := Zz. Our
goal is to now show that the process Zy, . ..,Zr has a strong “negative” drift.
The increments of Z; —Z,_; for t € [T] can be expressed as follows:

Zi—Zy =Yy Yy A — ) = (Y, — Yy + A — D))+ 4@ —@F ). (3.10)
We decompose this increment into a “predictable” part

& (vh(1),0) —4(x(n(1))* —x,—1(n(2))?)||IT 0)||3 ifis good,
Xt::Yt_Yt_l+4(q,f_¢5,):{Of< 00800~ GO O i i

 [80(0).0) ~ 48,8+ 251 (n(0))|| Ty, (O)3if 1 is good,
0 if ¢ is bad,
3.11)

over which we will be able to get stochastic control, and a “free” part
b
4Py —D;_y)

which we show is always non-positive. The following crucial lemma shows that 4(®? — ®¢ ) indeed
gives us a “free drop” in potential.

Lemma 3.11. Forallt € [T), ®> < ®¢ |. Hence, the increments satisfy Z; — Z,—1 < X, for all t € [T|.

Proof. Fort = 1, the statement is trivial since ®§ = ||6]|3 and clearly ®? < ||6||3 for all z. Thus, we may
assume ¢ > 2. If ¢ is bad, then using V; C V;_; we get @ = ||T1y,(0) |3 < ||y, , (8) 3 < P¢_,. So, we
may assume from now on that ¢ is good.
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If the time step ¢ is the beginning of a new phase, then

@} = ||y, (6) 15+ (1 = xi-1(n(1))?) [Tk, v, (0) 13
< |11y, (8)13 + [Tk, v, (8) 12
= ||, (6)I17 < |Ty,_, (6)[3 < @5,
Here the inequality ||TIg, (6)|2 < |[ITy,_, (6)||2 follows by our assumption that 7 is the beginning of a new
phase and hence A, C A, \{n(r—1)}i.e,R CV,_;.

Lastly, if ¢ is good and not the beginning of a new phase, then note that r — 1 is also good and that
n(t) =n(t —1). Thus

@) = ||y, (6) 13+ (1 = xi-1(n(t))*) Tk, v, (0) 13
< My, (0)[17 + (1 —xe—1 (n(1))*) [ Mg, v, (6) 13 (using R; C R, 1)
= [Ty, ()13 + (1 = xi—1 (n(r))?
|

)
)
) (ITTy,_, v, (8) 112 + 1Tk, v, (6)13)
< (ITTy, (8)|13 + ITTy,_, v, (8)13) + (1 —xe—1 (n())*) I Mg, v, (8)112
= Ty, (8)13 + (1 —x—1(n(1))*) Tk, , v, (0)13 = @5,

as needed. O

We now show the increment bounds X; satisfy the negative drift requirements of Lemma 3.2.
Lemma 3.12. Fort € [T, |X,| < 1 and E[X, +X? | Z1,...,Z, 1] <0.

Proof. Clearly, we may assume that ¢ is good, since otherwise X; = 0 and the statement is trivial. For
simplicity of notation, let €;_; denote all the random choices made by the algorithm in the first # — 1 time
steps. Note that Q,_; determines in particular Z,,...,Z,_;. We adopt the shorthand E,_;[-] := E[- | Q,_].
Let us further denote 6, := (v*(t),0), 6, = ||TIg sy, (0)]|2, and x := x;_ (n(¢)). With this notation, we
have that

Xt = 61‘9; — 45;(5; + 2x) étz.

Since v (t) € R, /V;, note that |6;] < ||v1(¢) |26, < 6,. By definition of  being good, we have that 6, < 1/8.
Since x € [—1,1] and x+ & € [—1, 1], we deduce the following simple bounds

18] <2, [18(8&+2x)| = |(&+x)* = <1, |§+2x|=|(&+x)+x| <2. (3.12)
Using (3.12), we see that
1X,| < 18,16, +4]68,(8 +2x)|6% < 2(1/8)+4(1)(1/8) < 1.

Next, we have that E, _[X;] = —4E,_1[57]8? since E;_;[§] = 0. Lastly, using the inequality (a+b)?> <
2a” +2b%, we get that

X2 <28767 42(16)8%(8, +2x)* 6}
<28%674+2(16)57(4)(1/8)*67 = 45767
Thus E,_;[X?] < 4E, 1[5?]6? and hence E,_{[X; +X?] <0. As Zi,...,Z;_ are determined by Q; 1, this
implies that E[X, + X? | Z1,...,Z1] <0, as needed. O
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We now prove the main moment bound.

Proof of Theorem 3.9. To begin we see that

E [ediscn] E[ YT+|):,EBA,disc|}
<E [ YTH(’HQHZ] (by Lemma 3.10)
< [¢™] '0l0l3 (as Yr < Zr = Z,).

Recall that Zy = 4|0 H% Furthermore, by Lemma 3.11 we have Z;, — Z,_; < X;, by Lemma 3.12 we have
|X;|<land E [X, +X? | Zy,. ..,Z,,l} <Oforallz € [T],and forz € [T + 1,n] we have Z, —Z,_; = 0 by
definition. Therefore, applying Lemma 3.2 gives that

E[e%] < e = e*lfl5,

Thus, combining everything together, we get [E [ediscn] <E [ ] 16]1613 < 20016113 a5 needed. O

4 Applications

In this section, we list some applications of our main result.

4.1 The ¢, variant of the Komlés problem

Corollary 1.5 (restated). There is an efficient randomized algorithm which given an m X n matrix A
having all columns of {,-norm at most one and p € [1,e0), finds a coloring x € {—1,1}" with expected ¢,

discrepancy O(,/p).

Proof. LetY = Ax. By Theorem 1.4, we get that Y is a o-sub-Gaussian random vector and hence each
component of Y is a o-sub-Gaussian random variable. Letting ¥; denote the i-th component of Y, we get

m
E[|[Y]2] = Y E[|Yi[?] < mCP pr/?
i=1
for a constant C = C(o) depending only on 6. The inequality above follows from the standard fact that
the p-th moment of an O(1)-sub-Gaussian random variable is at most C? pP2. O

4.2 Discrepancy relative to the 7,-norm

Corollary 1.7 (restated). There exists an efficient randomized algorithm that, given any m X n matrix A
and J C [n], returns a coloring x : J — {—1,1} such that with constant probability,

|A|x]|e = O(12(A)+/logm).
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Proof. Tt was shown in [28] that for any matrix A, there exists an efficiently computable quantity ¥, (A)
such that

Q(12(A)/logm) < herdisc(A) < O(y2(A)+/logm).

The upper bound above was proved using Theorem 1.1 (roughly) as follows: given any set J C [n],
factorize the matrix A|; as A|; = BC where every row of the matrix B has £-norm at most y>(A) and every
column of the matrix C has ¢;-norm at most one. Such a factorization exists and can be computed by
solving an appropriate semidefinite program. We refer the reader to [28] for more details.

Then using the matrix B, a convex body K is defined as follows:

K={yeR":[|By|~ < cr2(A)/logm}.

For ¢ a large enough constant, ¥;,(K) > 1/2. This follows by standard Gaussian tail bounds and union
bound. Now finding a coloring x € {—1,1}" of the columns of A|; such that the {.-norm of A|;x = BCx
is O(75(A)+/logm) is equivalent to finding a coloring x of the column vectors of C such that Cx lies in
K. As C has all columns of length at most one, by Theorem 1.1 there exists a coloring x such that the
discrepancy of Al; is O(12(A)+/logm).

Now Theorem 1.4 (with Theorem 1.2) directly gives an efficient algorithm to find such a coloring. [J

4.3 A generalization of Banaszczyk’s result

In this subsection we prove the following generalization of Banaszczyk’s result. The proof follows
along similar lines as the proof of [24] showing that linear discrepancy is at most twice the hereditary
discrepancy.

Theorem 1.8 (restated). Ler S1,5,...,S, be sets such that for each i € [n], S; C B} and 0 lies in the
convex hull of S;. Then for any convex body K with v, (K) > 1/2, there exist vectors v; € S; such that
Y, vi € cK, where ¢ > 0 is an absolute constant. Moreover, there is an efficient algorithm to find these
vectors.

Proof. For technical reasons, we give the proof for the case when 7,,(K) > 1/2+ € for some € > 0. The
running time of the algorithm will be proportional to log(1/€). The general case, for instance when
Ym(K) = 1/2, is slightly more complicated but can be handled by combining our proof with the techniques
in [15]. We provide a sketch of how to do this towards the end of the proof.

For each i € [n], as 0 lies in the convex hull of S;, there exist at most m + 1 vectors in S; and a convex
combination of them that equals 0. That is, there exist m + 1 vectors v; ; € S; and real numbers x; ; > 0

such that
m+1 m+1

Vi e [I’l] : Z Xij= 1 and Z X jVij = 0. (4.1)
j=1 j=1

Our goal will be to round each collection {x; ; : j € [m+ 1]} such that exactly one of them is 1 and the
rest are 0, without incurring too much discrepancy.

Assume for now that each of x; ; can be expressed using at most & digits in binary, for some finite
k; thatis, x; ; € 277 for all i, j. We will see later how to get rid of this assumption. The main step will
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to be to reduce k to k — 1 by rounding the k-th bits in each x; ; either up or down, in such a way that
discrepancy stays bounded. Then, we will repeat this operation until we obtain k = 0, which means that
x;,j € {0, 1}. We will maintain the property that x; ; > 0 and that }°;x; ; = 1 for all i, which then implies
that there exists j; € [m+ 1] for each i such that x; j, = 1 and x; ; = 0 if j # j;. The claim will follow by
choosing v; j, € S;.

(k)

Setting notation, let x; / = x; ;. Assume that we already computed for £ € [k] a choice of

Aeatz

that satisfies ) ; xl(é]) = 1foralli€ [n]. If x ) ¢ {0, 1} for all j then there is nothing more to do. Otherwise,
let

() (0) 20 (0)
=0. bl] 1b112 bi,jl

be the binary expansion of x( ) < 1. Let

AY ={(i,j) € n] x [m+1] ;bﬁf}j =1}

be the indices where the (-th bit of x; ; is 1. We will construct a coloring x*) : A() — {—1,1} which
satisfies

Z 290, ) vij€cK and Vi€ n], Z 29, j)=0 (4.2)
(i.j)eA® Ji(i,j)eAd
for some absolute constant ¢ > 0. Given such a coloring x(©), we compute the value of x%_l) as follows:
) itb), =0,
A=) ot iep!) = 1and xO, j) = 1,
14 oo (0
l( ) ot 1fb£j)7£ =1land x(,j)=—1

()

l] ’
that for all i € [n], iji’ ; ' =1and x( D > 0; and it satisfies that

Z (xiéj*l) l(gj)) Vvij €27 (eK.
i,j

Thus, repeating this rounding operation for £ = k,k—1,...,1 will result in a choice of x; ; € {0, 1} that
satisfy }';x; j = 1 and

Observe that this operatlon zeros the ¢-th bit of all x;" !, namely x(gfl) € 2~ (“=17; it maintains the property

Zx,'JV,"j eck.
iJ
That is, there is a choice of j; € [m+ 1] for all i € [n] such that }; ,v, ji € cK, as claimed.
It remains to show how to find a coloring satisfying (4.2). LetA ={J ] ( J)E A(é)} be the elements
being colored in the set S; when we round the ¢-th bits. We claim that |A | must beE e):ven. This is since
l

for every i € [n], the number of elements x( ) for which b( ) ;o= 1 mustbeeven, as Y x; ; = 1. We will pair
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up the elements of Al@ in an arbitrary way, and only consider colorings ) which give opposite colors
to elements in each pair. In such a way, such a coloring automatically satisfies that }_ ; ¥ © (i,j) =0 for
all i € [n].

For simplicity of notation, denote the vectors {v; ;: j € Al@} by {ui1,...,uisq} for some integer
qi= |Al@ |/2. Define new vectors w; j = (u;j2j—1 — ;) /2 for j € [g;]. Observe that ||w; j||» < 1. Apply
Theorem 1.1 to the vectors w; ; and the convex body K. This gives a coloring x'(i, j) for each vector w; ;
such that

Y X' (i, j)wij € cK.

i.j
We now define the coloring x(¥) to give the color ¥'(i, j) to ui2j—1 and the color —'(i, j) to u;»j. Clearly
this satisfies both the conditions in (4.2) with constant 2c.

We will now show that we can assume the binary expansion to be finite. Concretely, we will show
that a preliminary rounding procedure can allow us to assume that k < log(2mn/¢). This is since by
truncating each x; ; after log(2mn/¢) bits, the sum }; ;x; jv; ; changes by at most

1
Z 2log(2mn/¢)

ij

Vi S 81%" CK

and thus increases the final value of ¢ by at most 1. The last containment follows by our assumption
that 7,,(K) > 1/2+ ¢, and thus K must contain a Euclidean ball of radius » which satisfies 7; ([0, r]) < &.
Clearly this is true for r = €.

We mention briefly now on how to tackle the case when 7, (K) < 1/2+ €. This proceeds along
similar lines as Theorem 40 from [15]. The main idea is that we can find a point p such that

peEKN (Zconv(SJ)

where S; denotes the convex hull of S; and the summation operator used is Minkowski addition. We
then instead solve a new problem on the instance given by the convex body K’ := a(K — p) and sets
S’ such that };conv(S’) = a(};conv(S;) — p) for some constant scaling factor o > 0. A solution of
our original problem is recoverable from a solution of this. p and o@ moreover satisfy the property that
Ym(K') > 1/2+ €, and we already know how to solve this case. O

S Conclusion and open questions

We gave efficient algorithms for several problems to find colorings with discrepancy bounds similar to
those achievable using Banaszczyk’s result, Theorem 1.1. However there are still some problems that
use Banaszczyk’s techniques in a non-trivial iterative way, for which we are unable to obtain an efficient
algorithm.

One such problem is Tusnddy’s problem concerning the discrepancy of axis-parallel boxes in RY.
Nikolov [31] used Banaszczyk’s technique to prove that the discrepancy is O, (log? ™'/ n), where Oy4(.)
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hides factors depending only on d. Our techniques do not seem to apply here and the best known
algorithmic bound is Oy (log? n) [7].

Another such problem is the Steinitz problem in the £>-norm. Here we are given n vectors vi,...,v, €
B such that };v; = 0, and the goal is to find a rearrangement of these vectors such that the £;-norm of
the sum of vectors in any prefix along the rearrangement is small. That is, we want to find a permutation
7 : [n] — [n] to minimize

2

Banaszczyk showed in [2], using techniques from [1], that there exists a permutation for which the above
expression is at most O(y/m+ +/logn), whereas the best known algorithmic bound is O(y/mlogn) [7].
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